(N 

O 

(N 

> 



(N 



The logarithmic delay of KPP fronts in a periodic medium 

Frangois Hamel* James Nolen"'' Jean-Michel Roquejoffre"'- Lenya Ryzhik^ 



Abstract 

We consider solutions of the KPP-type equations with a periodically varying reaction rate, 
Q \ and compactly supported initial data. It has been shown by Bramson fS] '6' in the case of the 

constant reaction rate that the lag between the position of such solutions and that of the traveling 
waves grows as (3/2) logt, as t — > +00. We generalize this result to the periodic case. 
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1 Introduction 

. We study solutions u{t, x) of the initial value problem 

f ut = Uxx + 9{x)f{u), t > 0, X G M, 
[ u{Q,x) = uq{x). 

The function / is of class C^[0, 1], and is of KPP-type. Specifically, we assume that 
>: /(0) = /(l) = 0, /'(0)>0, /'(!)< 0, 0</(s)< /'(0)s for ah (0,1), (2) 

m 

■ and that there exist sq G (0, 1), Af > and a > such that 

^! /(s)>/'(0)s-Msi+"forallse [0,so]- 

We assume the function g{x) E C"^(M) is 1-periodic, and that there are two constants gi^2 such that 

< 51 < a{x^) < 92 < +00. 
By modifying the definition of g{x), we may assume without loss of generality that 

/'(O) = 1. 



Such equations model numerous problems in biology and other applications, and have been exten- 
sively studied since the early papers by Fisher [10] and Kolmogorov, Petrovskii and Piskunov jl8] - 
see |26] for a recent review. 

We are interested in the spreading rate for solutions of ([1]) with the non-negative compactly 
supported initial conditions uq that satisfy 

< tio < 1, and esssup]g«o > 0. 

The strong parabolic maximum principle implies that < u{t, x) < 1 for all t > and x G M. 
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Results in a homogeneous medium 

Let us first recall what is known when the function g{x) is a constant: g{x) = 1. Then, given any 
c > c* =2, there exists a traveling wave solution of 

ut = Uxx = f{u), 

of the form u{t,x) = Uc{x — ct). The function Uc satisfies 

-cU', = U'J + f{Uc), C/c(-oo) = l, Uc{+oo) = 0, 0<Uc<l. 

For c > c* the function Uc{x) decays exponentially as x — t- +oo: Uc{x) ~ Ce^'^''^, with the decay 
rate Ac being the smallest positive solution of 

- cA + 1 = 0. 

On the other hand, at c = c* the traveling wave asymptotics is Uc*{x) ~ Cxe~'^*^, with A* = 1. It 
has been shown in the pioneering work of Bramson [Sj E] that solutions of the initial value problem ([T]) 
with compactly supported initial data no(x) "are located" (on the right half-line = [0, +oo)) at 

3 

X{t) = c*t — logt + 0(1) as t +00. 

2A 

More precisely, u{t, x) satisfies the following property: given any e > if we set 

X£(t) = sup{x G M : u(t,x)>e}, ye(t) = inf {x G M+ : u{t,x) <1- s}, 

then 

3 

Xs{t) = c*t- — logt + 0(1) as t +00, 
2A* 

and 

3 

YJt) = c*t — logt + 0(1) as t +00. 

2A* 

In other words, the region in where u{t, x) transitions from the value u ~ 1 to n ~ has a 
width that is uniformly bounded in time, and is located at the distance (3/2A*)logt behind the 
location of the traveling wave with minimal speed c* . Bramson's proofs were based on probabilistic 
techniques, and were later extended by Gartner to higher dimensions and recently revisited by 
Roberts [22], while a PDE proof of this result was later given by [T7] with the additional assumption 
/'(•s) < /'(O) on [0, 1], and recently in the companion paper [14], with other results in this direction 
obtained earlier in [24] . 

We should also mention a very interesting paper [9] where the medium is taken to be time- 
dependent, with the reaction coefficient taking two different values ai and (T2 on the time intervals 
[0,T] and [T,2T]. It is shown by probabilistic techniques that the lag behind X{t) and traveling 
front position depends strongly on whether ai > ct2 or (T2 > fii. 

Periodic pulsating fronts 

In order to understand how Bramson's results can be adapted to a periodic environment, let us recall 
the notion of a pulsating traveling wave that generalizes the notion of a traveling wave to periodic 
media. A pulsating front with speed c > is a function Uc{t,x) satisfying 

Ut = U,, + g{x)fiU), x£R, t£R, (3) 
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and 

U(t + -,x) = U(t,x- 1), 
c 

as well as the boundary conditions U{t,—oo) = 1, U{t, +00) = 0. Let us now recall some of the 
results about spreading speeds and pulsating traveling waves Uc(t,x) [21 HI [131 [13 ESI |26]. It is 
known that there is a minimal speed c* > such that for each c > c* , there exists a unique up to 
time-shifts pulsating traveling front Uc{t,x), while no pulsating traveling front exists with a speed 
less than c* . Furthermore, all pulsating traveling fronts are necessarily increasing in t. Lastly, the 
minimal speed c* may be characterized as follows. Given X > 0, let ip = ip{x, A) > be the principal 
eigenfunction of the 1-periodic eigenvalue problem 

V^^^-2AV'^ + (A2 + 5(x)/'(0))V = 7(A)V', tp{x + l,X)=ij{x,X), i;{x,X)>0, x e M, (4) 

and 7(A) the corresponding eigenvalue. The eigenfunction is normalized so that 

1 

ip{x, A) dx = 1, (5) 







for all A > 0. The minimal wave speed is given by 

■ 7(A) 
c = mm — ; — =cA 

A>o A 

Here A* > minimizes 7(A)/A. In particular, we have 



7'(A*) = ^ = c*. (6) 



The main results 

Our first main result is as follows. 



Theorem 1.1 Let u{t,x) be a solution of ^^ with the initial data Uo{x) such that < uq{x) < 1, 
uo{x) ^ 0, and uq{x) = for \x\ > M with some Af > 0. Then for any e > there exist s{e) and 
L{e) so that 

3 

u{t, x) > 1 — e for all t > s(e) and all x G [O , c*t — log t — -L(e)] 

and 

3 

u{t, x) < e for all t > s{e) and all x G [c*t — log t + L{e) , +00) . 

This generalizes directly Bramson's results to a periodic medium: the front is located at distance 
(3/2A*) logt behind the pulsating front. 

Let us explain informally how the logarithmic decay comes about. The main observation, from 
the PDE point of view, is that solutions of the nonlinear problem ([1]) behave very similar to those 
of the linearized problem 

vt = Vxx + 9{x)v, 

with the Dirichlet boundary condition v{t, c*t) = 0. In the homogeneous case, with g{x) = 1, c* = 2 
and A* = 1, let us write v{t,x) = p{t,x)e~^^~'^^\ Then p(t,x) satisfies 

Pt = Pxx -^Px, X > 2t, p{t, 2t) = 0. 
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Changing variables y = x — 2t, we get 



Pt=Pyy, p{t,0) = 0. 

It follows that p{t, y = 1) ~ as t — )• +00, or, in the original variables v{t, x = 2t + 1) ~ t^^/^. 

Assuming that the solution u{t,x) of the nonlinear problem has the same behavior as v{t,x), and 
has the exponential asymptotics u{t,x) ~ e~^^~^^^^\ we deduce that X{t) ~ 2t — (3/2) log t. For 
the homogeneous case g = 1, we have worked out this argument in detail in [14J. The bulk of the 
proof in the periodic case is in getting the decay estimates for the heat kernel in a half space with 
periodic coefficients. These estimates are well known in the whole space [H l20l [2T| but we are not 
aware of such results in a half space for periodic coefficients. 

In the proof of Theorem II. 1^ one shows actually more precise exponential estimates on u{t, x) 
for X > c*t — (3/(2A*)) log t. These estimates imply that the solution u is asymptotically trapped 
between two finite space-shifts of the minimal front Uc* around the position x = c*t — (3/(2A*)) \ogt. 
Equivalently, u is asymptotically trapped between two finite time-shifts of the minimal front Uc* 
around the time t — (3/(2c*A*)) logt. Then, by passing to the limit along any level set, any limiting 
solution is necessarily equal to a shift of the minimal front: this follows from a new Liouville-type 
result which is similar to what had already been known in the homogeneous case. For more details, 
we refer to Section 8, where the following result is proved: 

Theorem 1.2 There exist a constant C > and a function : (0, +00) — )• M such that \£,{t)\ < C 
for all t > and 



lim 



u{t,.)-Uc*{t-^iogt+m,-) 



= 0. (7) 

L°°(0,+oo) 



Furthermore, for every m G (0, 1) and every sequence (tn,Xn) such that tn — )• +00 and Xn — [x^] — )• 
2^00 S [0, 1] as n ^ +00, and u{tn,Xn) = rn for all n G N, there holds 

u{t + tn,x+ [xn]) — > Uc* {t + T, x) locally uniformly in (t, x) G M^, (8) 

where denotes the integer part of x„ and T G M denotes the unique real number such that 
Uc*{T,Xoo) = m. 

Theorem 11.21 shows in particular the convergence to the family of shifted minimal fronts along 
the level sets of the solution u. Results of this type have been obtained recently in [7j for more 
general nonlinearities / and Heaviside initial conditions uq and in [12] for asymptotically periodic 
KPP functions / and compactly supported initial conditions uq. The proofs in [7l[l2] are completely 
different from the ones used here: they are based on the time-decay property of the number of 
intersections of any two solutions and on the fact that the minimal fronts are the steepest ones. 
They hold for more general functions / but do not provide the logarithmic shift of the position of 
the solutions. 



Connection to branching Brownian motion 

When g is constant and f{u) = u(l — u), there is a well-known connection between solutions of ([T]) 
and branching Brownian motion [5l [19]. Consider a branching Brownian motion with constant 
branching rate g > 0. Initially, there is one Brownian particle, Xi(0) = 0. At a random time Ti, 
which is an independent exponential random variable with rate g, this particle gives birth to two 
independent Brownian motions and then dies immediately itself. The two new particles start their 
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motions from the final location of the parent particle. The process continues in this way, each living 
particle reproducing and dying at an independent random time, leaving two new Brownian particles 
as offspring. As shown by McKean [19], the function 



satisfies 



and 



u{t,x) = P ( max Xk{t) > x \ Xi{0) = ) (9) 



1 

Ut = T,Uxx + 9u{l 



m(0,x) = 1, X < 0; n(0, x) = 0, x > 0. 



The set L{t) in ([9]) denotes the set of indices corresponding to particles that are alive at time t. 

When g{x) is not constant, there is a similar interpretation of ([T|) in terms of a branching 
Brownian motion with space-dependent branching rate g{x) > 0. In that case, we start the particle 
initially at x: ^i(O) = x. At a random time, this particle produces two Brownian offsprings and 
then dies immediately. The branching time is constructed from an independent exponential random 
variable: if 5 is a standard exponential random variable, independent of Xi{t), then the time at 
which Xi branches is 



inf |t > I 5 < ^ 5(Xi(r))dr| , 



so that Ti satisfies P(Ti > t \ Xi) = e fo 9i^ii^))<^^ _ Using arguments as in [5l[T9], one can show 
that the function 

Pf min Xfc(t) < I Xi(0) = X ) (10) 

\k&L{t) ) 



u{t, x) 



satisfies 



and 



Ut = ^Uxx + g{x)u{l - u). 



n(0, x) = 1, X < 0; n(0, x) = 0, x > 0. 



When g is constant, it is easy to see that the two formulas ^ and (jlOp define the same function. 
However, if g is not constant then (fTO]l need not be equivalent to ([9]). 

The zero Dirichlet boundary condition exactly corresponds to Gartner's [1 1] strategy of killing 
the branching Brownian motion at a moving boundary. 

The paper is organized as follows. Section [2] contains the basic elements of the proof of the 
lower bound for the solution, while the main steps of the proof of the upper bound are contained in 
Section [3l Sections 4, 5, 6 and 7 contain the proofs of the auxiliary results formulated in these two 
sections. Lastly, Section 8 is devoted to the proof of Theorem 11.21 

Acknowledgment. This work was motivated by a series of lectures given by Eric Brunet at 
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2 The lower bound: outline of the proof 



The linearized Dirichlet problem 

The proof of the lower bound in Theorem 11.11 is based on the analysis of the linearized problem with 
the Dirichlet boundary condition at x = c*t (recall that /'(O) = 1): 

wt = Wxx + 9{x)w, X > c*t, (11) 
w{t,c*t) = 0, t>0, 
w{0, x) = uo{x), X > 0. 

As we will see, with an appropriate choice of a{t), the function 'il]{t,x) = a(t)w{t,x) will be a 
subsolution of the nonlinear equation ([T]). Therefore, a lower bound on u will follow from a lower 
bound on w. It is convenient to represent w{t,x) in the form 

w{t, x) = e-^*(^-^**)V(2;, X*)p{t, x). (12) 
Here il!{x,X*) is the eigenfunction of Q-dl]), with A = A* satisfying ([6]), and p{t,x) satisfies 

Pt = Pxx + ~~^Px^ ^ ^ (13) 
p(t,c*t) = 0, t>0 

p(0, x) = po{x) = no(x)e^*'^(V'(x, A*))-\ x > 0, 

with 4>{t,x) = e~'^*'^^~^*^'>'4){x,\*). The initial data Pq{x) is nonnegative and compactly supported 
on [0,+oo). For convenience, we define the function 

-"^^ +%(x,A*) ' ^^^^ 

which is the drift term in ()13p . This function k(x) is 1-periodic in x, and is independent of t. 

The first (and longest) step in the proof of the lower bound in Theorem II .11 is the following lower 
bound on p{t,x), which implies a lower bound on w(t,x). 

Proposition 2.1 There exist constants Tg > 0, cr > 0, and Cq > such that 

p{t, c*t + aVi) > ^ for all t > Tq. 

For the homogeneous medium, when g is constant, it is rather simple to derive the bound in 
Proposition 12.11 In that case il^{x) = 1, and (f> = e~^ ^^"'^ *\ so that k = — 2A*. Moreover, when g is 
constant it happens that 2A* = c*, so the function z(f,a;) = p{t,x + c*t) satisfies the heat equation 

= Zxx on the half-line with Dirichlet boundary condition z{t, 0) = 0. Then, using the explicit 
formula one finds that there exists C > so that 

x - c*t . . Cix - c*t) , , 

^^Vi.t.x)<^^ (15) 

holds for x G [c*t, c*t + \ft\. When g is not constant, however, the analysis is more difficult: it is 
not generally true that 2A* = c*, nor do we have an explicit formula for the heat kernel associated 
with (|13|) . Moreover, the standard bounds for the heat kernel for equation (|13|) on the entire line 
X G M do not immediately imply the needed estimate for the Dirichlet problem on the half-line 
x > c*t. 
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Prom the linearized problem to a subsolution for the nonlinear problem 

Given the lower bound of Proposition 12.11 the next step is to construct a subsolution for ([T]) using 
the solution of (fTT|) . If id{t,x) = a{t)w{t, x), then il}{t,x) is a subsolution for ([1]), that is, 

wt < Wxx + g{x)w - g{x)q{w), 

with q{w) = w — f{w), provided that 

a (t) 'w{t, x) < —g{x)q{a{t)w{t, x)). (16) 



As q{s) < ms'^, and g{x) is uniformly bounded from above and below by two positive constants, (fT6]) 
holds provided that 

a'{t)w{t,x) < -Ma{tfw{t,xf, (17) 

with a large enough constant M. We claim that there exists a constant Co > 0, depending on the 
initial data uq, such that 

w{t,x)<j^^. (18) 

for all t > and x G M (we may define w{t,x) = for x < c*t). This estimate is a consequence of 
an upper bound on p{t, x): 



Lemma 2.2 There exists a constant C > such that 

Cx 

{t + 1)3/2 

for all t > and x > 0. 



Cx 

\pit,x + c*t)\<———- I ypo{y)dy (19) 



Once again, in the homogeneous case, (jl9p follows trivially from the explicit solution formula. 
With in hand, using (fl^ . we have 

sup w{t,x) <Ui.,\*)\\oo—^^ ( r yPoiy)dy) sup [e-^*(--^**)(x - c*t) 

x>c*t [t + 1)'^/^ \Jo J x>cH L 

which implies ([18]). Next, given ([H]), pT]) holds provided that 



and we may take 



ait) < -J^^^ait)^ 



"^^^= l + 2Ma(0)(l-(t + l)-V2) ' «(0)>0, 



which satisfies 

a(0) 

, , < a(t < a 0) 

1 + 2Ma(0) - ^ ' - ^ ^ 

for all t > 0. If a(0) < 1, then iB{0,x) < Uo{x) for all x G M. Therefore, the comparison principle 
implies 

u{t,x) > w{t^x) = a{t)w{t,x) > Cw{t,x) for alH > and x > c*t. 
In particular, Proposition 12.11 implies that 

u{t, ct + aVi) > Ct-^e'^*""^^ (20) 

for t > Tq. 
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Prom a lower bound on the far right to the bound at the front 

Now we show that (120p (a bound far on the right) implies the lower bound in Theorem II. 1[ Let 
e > 0. We will use ([20]) to show that there is a constant L(e) G M such that 

u{t,x) >l-2e, y xe[0,c*t-^logt-L{e)]. (21) 

if t is sufficiently large. 

Let /c be a [0,1- e] function such that k < fin [0, 1-e], k{0) = k{l-e) = 0, A;'(0) = /'(O) = 1, 
and A; > on (0, 1 — e). The function k then satisfies 

k{s) < f(s) < f'{0)s = k'{0)s for all s G [0, 1 - e]. 

Thus, there exists a pulsating traveling front U^* (t, x) solution of (l3|) with nonlinearity k instead 
of /, having the same minimal speed c*, and such that < U^* < 1 — e, and 

lim Ul:*{t,c*t + x) = l-e, lim (t, c*t + x) = 0, (22) 

uniformly in t. Moreover, C/^* is monotone increasing in t. 
To show (pTj). we will bound u from below by the function 

U{t,x) = Ul:4t-r{t),x). (23) 

Since we have dtU^t{t,x) > for all t and x, the function U{t,x) satisfies 

Ut - tJ.. - g{x)k{U) = (1 - r'{t))dtU^. - d^U^, - g{x)k{U^,) = -r'{t)dtU^. < 0, 

provided that r'(t) > 0. In this case, since / > A; in [0, 1 — e], U is a subsolution of the equation 

Ut - Uxx - g{x)f{u) = 0. 

Since g{x) > (71 > 0, it is known from |JJ that ti(t, x) — )• 1 as t — )■ +00 locally uniformly in x G M. 
Therefore, there exists Ti > 0, depending on uq and e, such that u{t,0) > 1 — e for all t > Ti. 
Therefore, 

U{t,0) <l-e <u{t,0), Vt>Ti. 

By taking Ti larger, if necessary, we may assume Ti > Tq so that (120p holds for all t >Ti. Therefore, 
the maximum principle and ()20p imply that the bound 

U{t,x) <u{t,x) for all x e [0,c*t + aVi], t > Ti, (24) 

will hold, if both 

U{Ti,x) <u{Ti,x), X G [0,c*Ti + (t7t\] (25) 

and 

U{t,c*t + aVi) <je-^*''^\ t > Ti (26) 

are satisfied. 

Let us now verify that (125p and (j26p hold with 

Ki)=(^)logt + io, (27) 
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if Lq is sufficiently large. Because (I22p holds uniformly in t, it is clear that for Ti fixed, we may take 
Lq sufficiently large (depending only on uq and Ti) so that (p5]) is satisfied. It was shown in [13] 
that the function U^*{t,x) satisfies 

U^,{t,x) < C{x - c*t)e-^'^''-''*^\ 

for X > c*t + 1. Hence, the function U satisfies 

U{t,c*t + aVi) = Uj!,{t-r{t),c*t + aVt) 

< C{c*t + aVi -c*{t- r(t)))e-^*(^**+'^^-'=*(*-^W)) 



for all t > Ti, provided that Lq and Ti are sufficiently large. Hence, (j26p also holds for large enough 
Lq. Therefore, (pH) must hold for large enough Lq and Ti. 
For t >Ti and h > 0, let At be the interval 

At = [0, c*t - ^ log(t) - c*Lo -h] C [0, c*t + aVi]. 
We have now shown that for t >Ti, 



inf x) > inf [/^. t - —- log(t) -Lq,x\> inf inf C/,^. {s, y) (28) 

xSAt xeAt y Zc* A* J s£M.y<c*s-h 

From the properties ()22p of J7^, , we know that the right side of ()28p is larger than (1 — 2e) if /i > 
is sufficiently large. This proves (12ip . 

Thus, we have reduced the proof of the lower bound in Theorem ll.ll to the proof of Proposition l2.1l 
and Lemma [2. 21 We postpone them until later sections, and ffist describe in Section[3]how the upper 
bound in this theorem is proved. 



3 The upper bound: outline of the proof 

The linearized problem in the logarithmically shifted reference frame 

As we have seen, the idea behind the (3/2A*) log(t) delay is that the evolution is driven by the 
behavior of solutions to the Dirichlet problem (jlip . which is 

zt - Zxx - g{x)z = 0, x> c*t, 

with z{t,c*t) = 0. The problem is that such solutions that are initially compactly supported will 
decay in time like t~^^'^, hence they can not serve as super-solutions to the non- linear problem. The 
correction to this inconvenience is to devise a reference frame in which the Dirichlet problem will 
have solutions that remain bounded both from above and below by positive constants for finite x, and 
this is exactly what the 3/(2A*) logt shift achieves. We expect the front to be at x{t) = c*t — rlogt, 
with r = 3/(2A*). For the moment, let us assume that the constant r is still general, and we will 
choose r appropriately later. Accordingly, we consider the Dirichlet problem 

Zt - z^x - g{x)z = 0, t>0, x> c*t-rlogit + T)+r\og{T), 
z{t, c*t - r log(t + T) + r log(r)) = 0, 

with a given nonnegative continuous compactly supported initial condition z(0, •) ^ in (0, +oo). 
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Define the new time variable r by 

c*T = c*t-r \og{t + T) + r log T, 

and set z(r, x) = z{t, x). Let us also denote t = h{T), and choose T > sufficiently large so that the 
function /i(r) is well defined and monotonic. Then we have 

Zr = h'{T)zt = h'{T)[Zxx + g{x)z] = h' {t)[Zxx + g{x)z], X > C*T, 

and z{t,c*t) = 0. Next, set 

z{t,x) = e-^*(^-^*^)V(2;,A*)a(r)p(r,x), 

with an increasing function Q;(r) > to be determined. Here, as before, ip{x, A*) is the eigenfunction 
of dl])-©. The function p{t,x) must satisfy 

^ Pr = Pxx + 2%^ + ( - , J , " '^^^ + X*c* (1 - ) )p = 0, T>0,X>C*T, (29) 



h'iry^ ' <^ ' V h'ir) air) ' \ h'ir) 

where 2(j)x/(j) is as in ()14p . We first compute h! {t): 

\ T r T 

h'{T) ~ ^ ~ c*{h{T)+T) ~ ^ ~ c*{T + T) + rlog{{t + T)/T) ~ ^ ~ c*{t + T) ^ ^^'^^ 

with 

r r log((t + T)/T) 



c*{t + T) c*{T + T)+rlog{{t + T)/T) c*{t + T){c*iT + T) +rlog{{t + T)/T)) 

Observe that |/3(r)| < C\t-^/^\, and if r > 0, then /i'(t) > 1 for ah r > 0. 
To eliminate the low-order term in ()29p . we now choose a(r) so that 



a(r) ' ' ' ' (t + T) \^r + Tf/y' 

hence 

a(r) = exp[rA*ln(T + T) + 0(r-i/2)] ^ + 2^)r-A* ^ q(^-i/2)^^ ^3q) 
The function p{t, x) then satisfies 

T^Pt = Pxx + 2%Pa:, T > 0, X > C*r, (31) 

n'(T) (p 

with the Dirichlet condition p{t,c*t) = 0. Observe that if r = (taking no logarithmic shift), and 
h' = 1, this is identical to equation (jl3p which is satisfied by p{t, x) that was used in the construction 
of a sub-solution. However, we can not take r = and use p{t, x) for a super-solution since p{t, x) 
decays as as t — t- +oo while for a super-solution we need p{t, x) to stay bounded from above 

and below for finite values of x. 
To bound the function 

z{t,x) = z{t,x) = e-^*(^-'=*^V(a^,A*)a(r)p(r,x), 

we need an estimate on p(r, x) from above and below. The main technical step in the proof of the 
upper bound in Theorem 11.11 is the following estimate on p{t,x), which implies that p has the same 
leading order behavior as p, even though /i'(t) 7^ 1 in ([3T]) . Let us set 

Observe that uj^t) ~ r/c*T as r — ^ 00, and |w(r)| < C/r, |w'(r)| < C/r^ for r > tq. 
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Proposition 3.1 Letp{T,x) satisfy 

{l-Uj{T))pr =Pxx + '2^Px, X>C*T, (32) 

with the Dirichlet boundary condition p{t,c*t) = 0. Then there exist constants k,K,To > so that 

kix - c*t) , , Kix - c*t) 

,3/2 ^ <P(^.^)< ^3/2 ' 

for all X G (c*r, c*r + k^/T) and all t > tq. 

Proof of the upper bound in Theorem 11.11 

In terms of the function z{t,x), Proposition 13. II savs that 

^k{x - cV)e-^*(--^*-) < z(t,x) < ^K{x - cV)e-^*(--'=*-) 

holds for all x G (c*t, c*t + k^/T) and all r > tq, even if it means changing the positive constants k 
and K. Expression ([30]) for a(r) shows that the choice of r = 3/(2A*) gives 

air) 

Kl<^<K2, T> TO, 

and therefore 

k{x - c*r)e-^*(^-"*") < z{t,x) < K{x - c*T)e-^*(^-"*") 

holds for all x G (c*r, c*r + k^/T) and all r > tq. 

Now, we go back to the t variable and bound z{t,x) = z{t,x). Since 

c*T = c*t-r log(t + T)+r log T, 

we get the lower and upper bounds 



(33) 



z{t,x) > k{x- c*t + rlog{t + T) - rlogr)e--^*(^-=**+^'°s(*+'^)-^'°g'^), 
z{t,x) < i^(x-c*t + rlog(t + r) -rlogr)e-^*(^-^**+''l°g(*+^)"''l°g^), 

for all t > /i(to), in the interval 

c*t-r log(t + T) + rlogT <x <c*t-r log(t + T) + r log T + kt^^^, 

even if it means decreasing the positive constant k. 

The rest of the proof is as in the homogeneous case. It follows from (|33p that there exist xi > 
and X2 > 0, both independent of t > /i(ro) so that if we choose M > 1 large enough then 

Mz{t,c*t-rlog{t + T) + rlogT + xi) > 2, 

and 

Mz{t, c*t-r log(t + T) + r log T + x) < 1 /2, for all x > c*t - r log(t + T) + r log T + X2. 
Then we set 

r 1, x<c*t-rlog(t + r)+rlogr + xi 

^ '^ \ min(l,Mz(t,x)), X > c*t-rlog(t + T) +rlogT + xi. 



11 



for t > /i(ro). Note that u{t,x) = Mz{t,x) for all x > c* t — r log{t + T) + rlogT + X2- Moreover, 
u{0,x) < ■u(/i(ro),x) for all x E M, even if it means increasing the constant M. Therefore, since 
u{t, x) is a supersolution because of the KPP assumption ([2]), the maximum principle implies that 

u{t,x) < u{t + h{To),x) for alH > and xeR. (35) 

Therefore, for any 7 > 0, we may choose x sufficiently large so that 

u{t, x + c*t-^ log(t)) < Mzit + h{To),x + c*t-^ log(t)) < 7 

holds for all t > and x > x. 

Therefore, the proof of the lower bound in Theorem II. II is reduced to the proof of Proposition [3Tj 
The rest of the paper contains the proofs of Propositions 12.11 and I3.H as well as that of Lemma [2?2l 



4 Proof of Lemma 12.21 

The self-adjoint form 

It is useful to write (jlSp in a more convenient form, to which we can apply the techniques and ideas 
of ^21j where heat kernel estimates in the whole space are obtained. 

Lemma 4.1 Let k{x) = 2(j)x/(l) he defined by ji^p . There is a unique positive, periodic function 
such that 

/ u{x)dx = 1, (36) 
Jo 

and, for any function p{x). 

Id c* 

Pxx + k{x)px = —r^^ {'^{x)Px) r-^Px- (37) 

vlx) ox u[x) 

Proof. The identity (j37p means that 

v{x) v[x) 

with b = —c*, and hence 

i^xx - {k{x)i^)^ = 0. (39) 

It is easy to deduce that ([5^ has a positive periodic solution - this can be seen immediately since 
t'(x) = 1 satisfies the adjoint problem 

i>xx + K{x)i>x = 0, 

and by an application of the Krein-Rutman theorem. 

In order to find the constant b, observe that the periodic function 

/ ^ 1 dih(x,X*) , 

satisfies 

Xxx + k{x)xx = -k{x) - c. (41) 
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Indeed, differentiating ([3]) in A gives tlie following equation for ipx = dip/dX: 
Then, using ([6|) we obtain at A = A*, with i^\{x) = ipx{x, A*): 

irxU - 2x*{rx)x + {{x*f + g{x))rx - + 2xr = c*^ + c*a>^ 

Writing now = —x{x)ip{x, X*) and using the definition of k{x) gives (HI]). 
Multiplying (I4ip by and integrating over the period gives 

1 

(k(x) + c*) udx = 0. 





Therefore, we have, since satisfies the normalization ()36p : 

— c* = / k{x)i'{x) dx. 
Jo 

It follows from (jSSp that the constant 6 has to be 

b= k{x)v{x) dx = —c* . 
Jo 

Given that value of 6, the solution of (I38p exists. □ 

The periodic function xi^) which satisfies (141 p will be useful later. For this reason, let us remark 
that there is a unique periodic function x^i^) which satisfies both 

xL + 2^x2 = -2%-c, xeR 

and 

-1 

x\x)dx = {), 

which is obtained by adding a suitable constant to the function x{x) defined at ([^0]) . 



Proof of Lemma 12.21 

We return to ()13|) which, by virtue of Lemma l4.H may be written as 

1 c* 
Pt = —r^{v{x)Px)x T^Px, c*t < x (42) 

p{t,c*t) = 0, t>0 

p(0, x) = poix) = no(x)e^*"(V(x, X*))-\ x>0. 

Lemma 12.21 is proved using a duality argument, and the main step in the argument is to derive the 
bound 

/OO \ 1/2 ^ r-OO 

j\t,x)dx\ ^^J^ xpo{x)dx, yt>0. (43) 



13 



It follows from (HSl) that 



2di 



i'{x)p'^{t, x)dx 



c*t 



i'{x)p'^{t, x)dx. 



(44) 



c*t 



The right side of (j44p may be bounded from above by using a Nash-type inquality: there is a constant 
C such that 



r>oo \ 3/5 

\/3{x)\'^dx <C{ I Pldx\ 



xf3{x)dx 



4/5 



(45) 



for all functions /3 G L'^{[0,oo)) n ^^([0,00)) satisfying /3(0) = and /3(x) > for x > 0. This 
inequality can be verified in the usual manner: if ^(x) is an odd extension of /3(x) to all of M, then 



ie(x)|2 = c / m)\'dk, 



(46) 



where S,{k) is the Fourier transform of £,{x). Note that .^(0) = 0, and 

POO 

<C x/3{x)dx, 
Jo 

whence \^{k)\ < C|/!;| ||x/3||i. It follows from (|i6]) that for any i? > we have 



\<R 



C 



\c{xrdx<c I mrdk + c / L-i^\^(k)\'dk<cR'\\xp\\i + -^\\f3,\\i 



\k\>R 



Choosing R = (||/3^||| / ||x/3||f)^/^ gives (gS]). 

Going back to ([H]) . since z^(x)^^ > is bounded, we conclude that 



ld_ 

2 cit J (2'*'t 



v{x)p\t,x)dx <-C [ j {p{t,x)Ydxj 



\ 5/3 



[x — c*t)p(t, x) dx 



c*t 



-4/3 



(47) 



Next, we work toward an estimate of the right side of (|47|) . Let us multiply (|42p by a function 
i'{x)f{t,x), with f{t,c*t) = and integrate: 



(it ./c*t 



v{x)f{t, x)p(t, x) dx 



c*t 



u{x)ft{t,x)p{t,x)dx - / v{x)f.j:{t,x)px{t,x)dx 



c*t 



fPx dx. 



c*t 



We will choose / to be a solution of the backward equation, defined by the next lemma. 
Lemma 4.2 There is a function f{t,x) and a constant m > such that ft < 0, 

ft + ^ ii'ix)fx)^ + -^/x = 0, x> c*t, t G M, 



and 



f{t,c*t) = 0, teR 
m{x - c*t) < f{t,x) < m"^(x - c*t), for all x > c*t, t G R. 



(48) 



(49) 
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Let us postpone the proof of this lemma for the moment, and use it to finish the proof of 
Lemma |2.2[ Given the function f{t,x) described in Lemma 14.21 observe that the integral 



I{t) = / i'{x)f{t,x)p{t,x)dx 



c't 



is preserved: I{t) = 7(0) for all t > 0. Moreover, (I49p implies that 



oo 



\ -4/5 / r°° \ "^/^ 

{x-c*t)p{t,x)dx] -^{j v{x)f{t,x)p{t,x)dx\ =(:7(/(0))-^/^ 



for alH > 0. Therefore, if 



/•oo 

i{t) = I v{x)p^{t,x)d:i 

Jc*t 



then from (1471) we conclude 



tx, 

lc*t 

dh{t) ^ {h{t)f/' 

dt - (/(0))4/3 ■ 

It follows that (hit))-'^/"' > Ct(/(0))-^/3 for all t > 0, which implies the bound (Il3]l . 

The standard duality argument can be now applied. If St is the solution operator mapping po(") 
to pit,-), then the adjoint operator S* is of the same form as St except for c* replaced by (— c*) 
and changing the direction of time. Hence, the — )• bound (|43p for St implies also the dual 
L2 ^ bound: 

C!(x — c*t) 

\p{t,x)\< ^^3^^ I IpoIIl^, x>c*t, t>0. 
Finally, writing St = St/2° St/2 obtain the conclusion of Lemma |2.2[ □ 

Proof of Lemma 14.21 Observe that (j48p has a solution of the form Y(t,x) = (x — c*t) + y{x), 
where y{x) is periodic and satisfies 

-c*u{x) + + + c*(l + Vx) = 0, 

or 

{Hx)yx), + c*yx = c*{u{x) - 1) - u'{x). (50) 

Equation ()50p has a periodic solution because the integral of the right side over the period vanishes, 
because of ([36]) . By subtracting a constant from y, we may assume Y{t,c*t) < 0. Although Y{t,x) 
grows linearly in (x — c*t) and is a solution of ()48p for all i G M and x G M, it may not satisfy the 
desired Dirichlet boundary condition at x = c*t. On the other hand, if (3(t) is the largest zero of Y 
then 

|/3(t) - c*t\ < M, (51) 

with a constant M that does not depend on t. 

A function /(t, x) having the desired properties may be constructed as the limit of the sequence 
of functions /("^ (t, x) which satisfy 

U[x) \ Jx V[x) 

f(^){t,c*t) =0 t<n, 

(n, x) = max(0, y(n, x)), x>c*n. 
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It follows from the maximum principle and (15 ID that there exists a constant C, independent of n, 
such that 

Y{t,x)-C < f^''\t,x) <Y{t,x) + C, y x>c*t, t<n. (52) 
Using (j52p . we can find positive constants L, M, m, independent of n, so that 



ct + L)> Ml, for all t < 



n. 



and, in addition, m(x — c*t) < f^'^\t,x) < m ^{x — c*t) holds for x > c*t + L and t < n/2. Then 
the strong maximum principle and parabolic regularity imply that f^\t,c*t) > cq for all t < n/2, 
for some positive constant cq that does not depend on n or t. By parabolic regularity, we may then 
extract a subsequence converging to a limit f{t,x) satisfying (j48p . (j49p and the boundary condition 
fit,c*t) = for all t e M. Note that /^^"^ < - this follows from the maximum principle since 
f^"'\t,x) > and f^'^\t,x) > Y{t,x) for all t < n, and a; > c*t. It follows that in the limit we also 
have ft{t,x) < 0. □ 

5 The proof of Proposition 12.11 

Proposition 12.11 is based on the following key estimate, which is proved in Section |6l 

Proposition 5.1 There exist a time Tq > and constants cq > 0, /? > 0, and N > that depend 
only on the initial data so that for any t > Tq there exists a set It C [c*t + N^^\/t, c*t + N\/t] such 
that \It\ > /3\/i and 

p(t,x)>^. (53) 

holds for all x G It- 

We also make use of an estimate for the heat kernel associated with the equation 

1 c* 
Pt = —i-^{y{x)p^)^ —p^. (54) 

For i? > and ^ G M fixed, let T{t, x, s, y) = f (t, x, s, y; R, denote the heat kernel for in the 
tilted cylinder 

r(^,i2,s) = {(t,x) e : \x-i-c*t\<R, t>s] 

with the Dirichlet boundary conditions on the lateral boundary of the cylinder. That is, if s G M 
and \y — ^ — cs\ < R, T{t, x, s,y) satisfies (jSlj) for (t, x) G T{^,R,s), with the boundary condition 
r(t, rc, s, y) = if |x — ^ — c*t\ = R, and the initial condition 

limr{t, x,s,y) = {ij(y))'^6y{x). 

The following lemma gives a lower bound on T{t,x,s,y), provided that x and y are sufficiently far 
from the boundary of T(^, R, s). 

Lemma 5.2 For all 5 G (0, 1), there are some constants q > and K > such that 



T{t,x,s,y - c*{t - s);R,^) > 



a 



2K{t - s)V2 

holds if R> 0, t € {s,s + R'^], and x,y e {c*t + ^ - 6R,c*t + ^ + 6R). 



its) 
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Proof. Let T(t,x,s,y) denote the free-space heat kernel associated with the equation 

iy{x)pt = {h'{x)px)x - c*px- 
That is, for each (s, y) G M?, T{-, •, s, y) is a solution of (f54l) for x € M and t > s, with 

Iimr(t,x,s,y) = {u{y)y^6y{x). 

t\s 

If p is continuous, bounded and satisfies (|54p for a; G M and t > s, then 

/3(t,x)= / T{t,x,s,y)p{s,y)i^{y)dy 



for t > s. For r(t, 3;,s,y) we have the following estimates of Norris [21j, Theorem 1.1: there is a 
constant K > such that 



e 



K\t-s\y^ <r(t,x,s,y-c*(t-.))< ^-^^^^ . (55) 

holds for all x, z G M, t > s. Obviously, ([55]) implies the upper bound 

f{t,x,s,y-c'{t- s)-R,i) < r{t,x,s,y-c*{t-s)) < - 

The proof of Lemma [5.21 mimics the analysis of Fabes and Stroock [8] (see the proof Lemma 5.1, 
therein). It suffices to assume s = and = 0. The first step is to derive the identity 

f (t,x,0,y) = r(t,x,0,y) - / {T{t,x,r,c*r + R)h+{r) + T{t,x,r,c*r - R)h~{r)) dr (56) 

Jo 

where h^{r) > depends on y and R, but 

ft 

(/i+(r) + h~{r))dr < 1 



always holds. This is analogous to a statement on p. 335 of [8j. To see where (j56p comes from, 
suppose p satisfies ([5^ for {t,x) G Tr = {{t,x) | t > 0, \x — c*t\ < R}. Choose a test function 
if{r, z), and integrate over r G [ti,t2], z £ Dr = [c*r — R, c*r + R]: 

t2 r 

/ {i'{z)Pr - {t^{z)Pz)z + c*Pz) ^{r, z) dz dr 

tl J Dr 

t2 r rt2 r 

/ p{r,z){iy(pr + {u(pz)z-c*(pz) dzdr+ / {upLpz)z - {i'Pz'f)z dr dz 

tl J Dr Jti J Dr 

+ / / {vpLp)r + {c* pLp)zdr dz. 

Jti J Dr 

So, if if satisfies the adjoint equation vipr + {vtpz)z — c*^pz = and if p vanishes on dDr for each r, 
we obtain 



upLp dz — j upLp dz = vpzV 



t2 



c*r+R 

dr. (57) 

c*r—R 



Now, let t > and x £ Dt = {c*t-R, c*t+R) be fixed. For y G (-i?, R) fixed, let p{r, z) = r(r, z, 0, y) 
and (p{r, z) = r(t, x, r, z). The function /9(r, z) satisfies (fM|) in T(^, i?, s) with p{r, z) = for z G D^- 
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The function {p(r,z) is a solution of the adjoint equation u^pr + {i"Pz)z — c-Pz = for r G (0,t). 
Therefore, (j57|) holds. By letting t2 ^ t and ti — )• 0, we obtain the following identity relating T to 
the free-space heat kernel T: 



T{t, X, 0, y) = T{t, X, 0,y)+ I u{z)T,{r, z, 0, y)T{t, x, r, z) 
Here we have used the fact that 



z=c*r+R 

dr. 

z=c*r~R 



lim T{t,x,t2,z)f{z)i/{z)dz = f{x) and lim T{ti, z,0,y)f{z)iy{z) dz = f{y) 

for any continuous /. Note that f ^(r, c*r + R,0,y) < and f j;(r, c*r — R, 0, y) > 0. If we had chosen 
ip = 1, instead, we would have obtained 



i'{x)r{t, X, 0, y) dx 

= 1+1 v{z)tz{r,z,Q,y) 

Jo^ z=c'r-n 

= 1-1 {v{c*r + R)\fz{r,c*r + R,Q,y)\+v{c*r - R)\t^{r,c*r - R,d,y)\) dr. 
Jo 

Since the left side is non-negative, this implies 

[ {u{c*r + R)\fz{r,c*r + R,0,y)\ + u{c*r - R)\r^{r,c*r - R,0,y)\) dr < 1. 
Jo 



Thus, we have shown (j56p . 

By combining (j56p with the estimate (j55p for F, we obtain a lower bound on T: 



Tit, x,0,y- c*t) > K sup -j- , (58) 

for all X £ [—5R,5R], y G [—R,R], t > 0. Observe that the unique maximum of the function 

= ^ , r > 0, 

occurs at the point r* = 2i?2(l - 5f/K. So, if < 2(1 - 5f/K and t < e^R^, we have t < r*. In 
this case, (f58]l gives us the bound 

^-K\y-x\^/t g_/j2(i_5)2/(^^) 

r(t,x,0,y - c*t) > — ——j^ K sup -j^ 

Atv^ 0<r<i rV^ 

K\y-x\'/t R2(^i-Sf/{Kt) 

K 



1 - K'^e — 



If X G [—6R,5R] and |x — y| < eR also hold, and (1 — 6)'^/{2K'^) is small enough we have 

> l-K2e-^"'(^#) > 1/2. 
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This implies that for any 5 G (0, 1) and > 0, 



1 K\y-x\'^ 

Tit, x,0,y- c*t) > —re « — 

if X E [—5R, 5R] and |a; — y| < eR, t < e^R^, and e is sufficiently small, depending only on 6 and K. 
A chaining argument, as in [8], now shows that for any 5 E (0,1), there must be a constant a, 
depending only on 6 and K, such that 

r(t, X, 0, y - c*t) > ^j^e — 

holds if x,y E [—6R,6R\, t < R^ (i.e. rather than just t < e^R^). Although f depends on R, a and 
K are independent of R. This finishes the proof of Lemma l5.2[ □ 

End of the proof of Proposition 12.11 

We may now finish the proof of Proposition 12.11 By Proposition 15 . 1 1 we have 

p(s,x)>— (59) 
s 

for all s > To and x E Is, where Is C [c* s + N~'^^/s,c* s + Ny/s] and \Is\ > fiy/s- We apply the 
lower bound on the heat-kernel in Lemma l5.2i Let s > Tq, R = ^/s{N'^ + N)/2, = c*s + R, 
and r = r(t, X, s, y; R, ^) be the heat kernel in the tilted cylinder T(^, R, s) with Dirichlet boundary 
conditions. For x E [c*t,c*t + 2R], t > s, we have 

p{t,x)> / T{t,x,s,y)p{s,y)iy{y)dy. (60) 



Set 

, N - N-^ , , 

and t = s + i?^. Observe that 

/, C [c*s + N-^^s, c*s + iVV^ = [c*s + (1 - 6)R, c*s + (1 + 6)R\. 
By Lemma 15.21 we have 

a K\x-y\^ a _K\x-y\'^ 

^' ^' ^) ^ 2(t-.)i/2^ =Wr'^ 

for all 

X E [c*t + (1 - 5)i?, c*t + (1 + 5)R] = [c*t + iV^^Vs, c*t + iV^s], 

and 

y E [c*s + (l-5)i?,c*s + (l + (5)i?] = [c*s + iV-i\/^,c*s + iVVs]- 
Therefore, by combining (j59p and (j60p we obtain 

p(t,x) > / t{t,x,s,y)p{s,y)iy{y)dy 

Jls 

C C 

> \Is\m\nT{t,x,s,y)p{s,y)u{y) > \Is\^mmp{s,y) > — , 
yels V s yels s 
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for all X G [c*t + (1 - 6)R, c*t + (1 + d)R]. Since R = ^/^{N-^ + iV)/2 and t = s + R^ we have shown 
that for (T = 1 + (TV^^ + N^/A, there is a constant C > such that 

/-s C CCT 

pit, c*t + aVt) > — = 

s t 

holds for all t > ctTq. Therefore, the last remaining ingredient in the proof of the lower bound in 
Theorem 11.11 is the proof of Proposition 15.11 □ 



6 The proof of Proposition 15.11 

6.1 The homogeneous case 

Since the proof of Proposition 15.11 is rather long we first present it in the simplest case ^{x) = 1, 
c* = 0. In that case (j53p (and (|15p ) can be proved simply by examining the explicit formula for the 
solution to the heat equation on the half line, as shown in [T3]. However, as such formulas are not 
available in the non-uniform case, we will present an alternative (and much longer!) proof using the 
energy method that we will adapt to the periodic case. The key step is the following lemma. 

Lemma 6.1 Let z^(x) = 1 and c* = 0, and let p{t, x) solve Ii42\ ) with po{x) being compactly supported 
on [0,00). There exists C > so that for any a > we have 



p{t,x)dx] <—Tjr I PQ{x)dx. (61) 



2ax ^ ^ ' ^ y - ^3/4 a 

Let us first show how (j53p follows from (j6ip . We will take a = 1/^/t in (j6ip . Then, if Tq is 
sufficiently large, and t > Tq, for any x G supp po we have 

< Ax. 



a 

Moreover, the integral 

poo 

I{t) = / xp{t, x)dx 
Jo 

is conserved: I{t) = /(O). We conclude that for all t > Tq we have 

1 /2 



2x1 Vt " ^ ' ' - t^l^ 



p {t,x)dx < -TTTj / xpo{x)dx, (62) 



or 



p'^{t,x)dx] < — / xp(j{x)dx. (63) 

X J t Jo 

Let us now take > 1 sufficiently large (but independent of t), then for x > N\/t we have 
g2x/v^ ^ 2e-2^/^, thus dM]) implies 

1/2 

oo ^2x/\/t \ ' Q roo 

p'^{t,x)dx\ < — / xpo{x)dx. 



X t 
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Moreover, we have 



< 



/ /-oo \ / (-oo \ 1/2 



1 /■°° 



1(0) 



4 ' 

as long as > A^o is large enough (but independent of t). As /(t) = /(O), it follows that 



/o 



xp(t, x)dx > ^ 



From Lemma 12.21 we know that 



/ xp{t,x)dx <CN'^Iq. 

Jo 

Therefore, by taking larger, if necessary, we have 

fNVt J 

/ xp(t, x)dx > — . 

For Co > to be chosen, let Hf be the sets = {x G [N^'^^/t,N^/i] \ p{t,x) > co/t}, and 
= {x £ [N-^^/i,N^/t] I p{t,x) < Co/t}. We have 

— < [ xp{t,x)dx+ j xp{t,x)dx < [ xp{t,x)dx-\ — -N"^. 
2 Jh+ Jh- Jh+ 2 

so that by choosing cq < Iq/{2N'^), we have 

— < 1 xp{t, x)dx. 
4 Jh+ 

Now, apply Lemma 12.21 again: 



^< f xp[t,x)dx<^[ x-dx<^^\Ht\Nh. 



It follows that \H^\ > Vt/{AN'^C). Except for the proof of LemmaEH this proves Proposition 15.1 
in the homogeneous case. 

Proof of Lemma 16.11 

In the homogeneous case ()42p is simply 

Pt = Pxx, p{t,0) = 0, 
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since we assume that z^(x) = 1 and c* = 0. There are at least three ways to prove Lemma l6.ll in 
this situation: first, one can use the exphcit formula for p{t,x). Second, one can use the fact that 
q{t,x) = p{t,x)/x solves 

2 

qt = Qxx + -Qx- (64) 

X 

Hence, if we set q{t, z) = q{t, \z\), with z £ M'^, then we get the heat equation in for q: 

qt = A,q, zeR\ (65) 
Then one could apply the usual Nash inequality to the function 

ip{t,z) = e^'''q{t,z), 

and prove Lemma 16.11 in this way. Neither of these methods would generalize to the periodic case, 
hence we develop a third, longer but generalizable proof. Motivated by the above, let us define the 
exponential moments 

Ia{t) = — / (p{t,z)dz= / xq{t,x)dx, (66) 

2vr 7k3 Jo a 

1 f foo Jlax ^—loLX 

''' ^\2j / ^ ~ ^ 2/ 



^oc{t) = ir- / dz= xq {t,x)dx, 

27r ./iRS ./o 2a 



and 



Da{t) = - / \V^\'dz = / ^ iql-aV)xdx. 

The Nash inequality in (e.g. [23j, Lemma 1. 1.1.) gives the following lemma. 

Lemma 6.2 There is a constant C > such that for any function w{x) : [0,oo) — t- M which is 
smooth, bounded and compactly supported we have 

for all a > 0, where 



Va = Xw'^(x)dx, la = x\w(x)\dx, 

'2a Jq a 







and 

roo Jlax „—2ax 



roo ^■iax ^—zax 

Da = / ~ cPw"^) dx. 

Jo 2a 



Using ([65]) . it is easy to check that Ia{t) = e"^*/Q(0) and 

V;,{t) = 2a^Va{t)-2Da{t). (67) 
Lemma [612] applied to (j67|) results in the bound 

Vait) < 2a Vait) - -JfJ^- 

If Va{t) = e2°'*Z(f), then 

Z'(t)< 
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It follows that Z{t) < (/„(0))2/t3/^ hence 



xg^(t,x)(ix) < — — / xg(0,x)(ix. 



In terms of p{t, x) this is: 



a 



p {t,x)dx < -—J— / poix)dx 



2ax ^ ^ ' ^ J - ^3/4 a 
This completes the proof of Lemma 16.11 □ 

6.2 The general case 

We now adapt the preceding proof to the general problem 

19 c* 
u{x) ox v[x) 

with the Dirichlet boundary condition p{t, c*t) = 0. The next lemma gives the analog of the function 
x in the periodic case. 

Lemma 6.3 There is a function Ciiyx) and a constant m > such that 

i^ix)Ct = iHx)C,)^-c*Cx, x>c*t, teR, (69) 
Cit,c*t) = 0, teR (70) 

and 

m{x-c*t) <C{t,x) <m-^{x-c*t), V x > c*t, t£R. 
In analogy to the uniform case, define 

q{t,x)=p{t,x)/C{t,x). (71) 
Using ([69]) and (j68|) . one can check that q{t,x) solves 

C.X 

vqt = {vqx)x + 2v—qx - c*qx, 

which is a generalization of (j64p . 

Recall the function f{t,x) that satisfies the adjoint equation (I48p . A conserved quantity is 



I{t) = / u{x)f{t,x)p{t,x)dx= j u{x)f{t,x)({t,x)q{t,x)dx. 

Jc't Jc't 

The analog of in ([66|) is 

Ia{t) = ria{t,x)u{x)p{t,x)dx, 
Jc*t 

with a function rja{t,x) that is exponentially growing as e"^^"'^**) as x — ?■ +oo. Then 
diait) f^^^drj. 



I , -v{x)p{t,x) + r]a{t,x){{vpx)x - c*px\dx 
dt Jc*t cli 



dx 



p{t,x)dx = fi{a)Ia{t), 



provided that rja satisfies 



v{x)-^ + \v{x)-^ \ + c = ^[a)i'[x)r]a, r]a{t,ct)=0. 
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Lemma 6.4 There is a constant C > such that for each a sufficiently small there is a constant 
/i(a) and a function r]a{t, x) satisfying 

"i^)^ + (^(^)^) + = ^(«)^(^)^- * e M, x> c*t, t G M (72) 

and 

r]a{t,c*t) = 0, teR 

and 

C- — — <r]a{t,x + c*t)<C~^- — — , Vx>0, teM. 

a a 

In addition, there exists /io > such that 

fi{a) = fiQa'^ + O(a^) for all a > sufficiently small. (73) 
For the homogeneous medium, z^(x) = 1, and the function 

^a{x—c*t) ^—a{x—c*t) 

r]a{t,x) = , 

a 

satisfies ([72]) with //(a) = q^. In the general case, the function r]a has exponential asymptotics as 

X — )• +00 

??Q,(t,x) ~ — e°^^"^**^r^Q,(x), as x +00, 
a 

where fjaix) is a positive periodic solution of 

^(^)^^J + a{^{x)Va)x + (c* + au{x))-^ + c*a{l - u{x))fia = (//(a) - a'^)u{x)fja, 

and n{a) is the corresponding eigenvalue. 

Let us postpone the proof of Lemma [6.3l and Lemma [6.41 and continue with the analysis of p{t, x). 
We define the second exponential moment by 

poo poo 

Vait) = / v{x)ri2a{t,x)p{t,x)q{t,x)dx = I u{x)r]2Q{t,x)C{t,x)q'^{t,x) dx. 
Jc*t Jc-t 

Then 

—— = I v[dtr}2a)pqdx + I ur}2aPtqdx+ I vr]2aPqtdx. 

"-t Jc*t Jc*t Jc*t 

poo poo poo 

= n{2a)Vait)- / u{C*r]2a)pqdx + / ur]2aPtqdx+ / urj2aPqtdx, 

J c*t J c*t Jc*t 



where C*rj = v ^(vr]x)x + ^ ^c*rix. Since 



Cx 

pt = Cp, qt = Cq + 2—qrc 



we have 



/oo poo poo 

i^iC*r]2a)pqdx + vr]2aPtqdx + j vr]2aPqtdx 

j-% -^""^ ,-oo 

= ij{2a)Va{t) - vr]2oc{pCq + qCp) dx -2 j vri2aPxqxdx 

Jc*t Jc*t 



+ / VmaPtq dx + l^r]2aPqt dx 

Jc*t Jc*t 

I^OO /'OO ^ 

lj{2a)Va{t) - 2 ur]2aPxqx dx + 2 T^r]2aP-^qx dx. 

Jc*t Jc't C 
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As p = Cq, we have Px = CxQ + CQx and so 



P^Qx = qCxQx = PxQx - C{qxf- 



Therefore, the last two terms in (l74|l reduce to 

Vi{t) = ^i{2a)Va{t) - 2 / umaQ{qxf dx. = /i(2a)14(t) - 2Z)„(t), (74) 

Jc*t 



where 

roo 

fdx. 

Ic't 

As in the homogeneous case, Va{t) is the quantity we need to estimate ~ we do this by bounding 
the right side of (174p . We claim that there is a constant C > such that the inequality 



/■oo 

Da{t) = / i^maCiqx 

Jc*t 



D (t) > C^MIH 

holds for all t > 1 and a > sufficiently small. Since > is periodic, this is equivalent to the 
statement that for any a > 0, 

(poo \ 5/3 / ^oo \ 4/3 / poo \ 

J V2aCq'^dx] -^{j VaCqdx) ij maCiqxf dx\ . (75) 

By Lemma 16.31 and Lemma 16.41 we may compare the function C(^)^) to the linear function x — c*t, 
and r]a{t,x) to the function {e°'^ — e~"^)/a. That is, for a > sufficiently small 

/ V2aCq'^ dx < Ci / xq'^{t,x + C*t) dx = CiVa, 

Jc*t Jo 2a 

roo i-oo ^ax g~"^ 

/ VaCqdx > C2 xq{t,x + c*t) dx = C2/0, 

Jc*t Jo " 



and 



g2ax 


— e 


-2cix 




2a 




^ax 


— e~ 


-ax 




a 


— x 


^2ax 


— e" 


-2ax 


2a 



'c*t 

and 

/•oo POO ^'■ictx ^—'Zax 

/ maCiqxf dx > C2 I x\qx{t,x + c*t)\'^ dx>C2ba- 

Jc*t Jo 2a 

Now ()75p follows for all t > 1 by applying Lemma 16.21 with w{x) = q{t, x + c*t). 
Returning to (I74p we now have 

K:(t)<M2a)K.(t)-C-g^ 

where 4(t) = fi{a)Ia{t). For Vait) = e''^'^'^'^^ Za{t), this implies the bound 
7.... e-*M(^")e*5M2a)/3(Z.(t))5/3 _ (Z.(t))V3 

^aW < e*4M«)/3j^(0)4/3 - I„(0)4/3 ^ ^^6) 



for t > 1, where 



Ra = ^/i(2a) - ^fx{a) = ^fi{2a) + 0{a^) 
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We used (j73[) in the last step above. We deduce from (|76|1 that 



Z„,,)<C|«51^^V'^C-^^(45^V^ (77) 



Note that, since is a convex function, we have 

h — a 



e" — e" 

for ah b > a. Moreover, > for a sufficiently small, so Rat > Ra for t > 1. Hence, (j77p implies 
Therefore, we have 

^»[t)St.e 1)3/2' 

which is 

\ 1/2 gM{2a)i /-oo 

7?2a(i, a;);/(x)C(i,a;)g^ da; < C"- tttjt rja{0,x)i'{x)C{0,x)po{x) dx. 



'c*t / [t- ly'^ Jo 

By Lemma 16.31 and Lemma 16.41 and the definition (I7ip of q{t,x), this implies 

The rest of the proof of Proposition 15.11 now proceeds exactly as in the homogeneous case, in 
the steps following (j62p -(l63]). taking a = and keeping (j73p in mind. The only minor technical 

detail is that the conservation of 

poo 

I{t) = / xp{t, x)dx 



is replaced by the conservation of 

I{t)=l u{x)f{t,x)p{t,x)dx, 



c*t 



together with the fact that m{x — c*t) < f{t,x) < m ^(x — c*t) for some m > 0, and all x > c*t. 
The rest of the argument is essentially identical. □ 

Proof of Lemma 16.31 

The proof is very similar to that of Lemma 14. 2[ Recall that the "linearized" traveling wave is 

At the critical speed, there is another solution of the linearized problem which moves to the right: 
the function 



-x*(x~c*t) _ g*i)^(^^ X*) - dx^ix, A*)) = (t>{t, x){{x- c*t) 



A=A* 
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is also a solution of the linear equation (llip . So, if we set 

^(t, x) = ix- c*t) -t^ = (x- c*t) + x{x), 

(recall (j40p ) then the two linearized traveling waves are (/>(t, x) and (p{t, x) = (j)(t, x)^(t, x). Therefore, 
^ also satisfies ([69|) : 

.(x)^=^Kx)^J^-c-. 

In the homogeneous case we have '0(2;, A) = 1, hence we take C(i, 2;) = ^{t,x) = {x — c*t). In general, 
however, ^ doesn't satisfy the Dirichlet boundary condition at x = c*t in (j70p . therefore we can not 
take Cit, x) = ^(t, x). Instead, we take ({t, x) to be the limit (as n — )• 00) of a sequence of functions 
{C^"'\t,x)}^^^ which satisfy 

Kx)d"^ = (K2;)d")).-c*d"\ x>c% t>-n 

^W(t,c*t) = 0, t>-n 

C^"^(— n, x) = max(0, ^{—n, x)), x > — c*n. 

The maximum principle implies that for some constant C, 

-^{t, x)-C < C^^^^t, x) < ^{t, x) + C, 

holds for all t > —n and x > c*t. The rest follows as in the proof of Lemma |4.2[ □ 

Proof of Lemma 16.41 

The eigenvalue asymptotics for a <^ 1. The only remaining ingredient in the proof of Propo- 
sition [5T] is the proof of Lemma [67il First, we prove the asymptotics ([73]) for fi{a). Consider the 
periodic eigenvalue problem 

Of] \ dfj 
i^(2;)— 1 + a{u{x)7])^ + (c* + ai'{x))— + c*a(l - iy{x))r] = 7(a)z/(x)7?, 

r/(x + 1) = r]{x) > 0, 

with 7(a) = n{a) — o? and the normalization 

1 

v{x)r\{x) dx = 1. 



Observe that 7(0) = and rj{x, a = 0) = 1. Moreover, as 7(0) = is a simple eigenvalue, 7(a) is an 
analytic function of a, for a sufficiently small. The function r/' = drj/da satisfies 



+ Q(i^(x)?7')^ + (c*+az^(x))——+c*a(l-z^(x))?7' + (z^7/)^. + z^— + c* (1-1^)7/ = ^vq' + ui]. 
^ ox ox 



drj' 
dx 

Setting a = we obtain: 



(78) 
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Integrating (f78l) . we conclude that 7'(0) = 0. Next, ??" solves 



+ 27 z/ry +7 vrj. 



So, at a = we have 



Integrating this equation, we obtain 

Since 7'(0) = 0, ([78]) imphes that 

c*(l -v) = -Vx 
Plugging this into ([79]) . we obtain 

Since 4y + > —2 for all y G M, we conclude that 

7"(0) > -2 / v(x)dx = -2 



(79) 



, dr]' f dr( 



dx 



dx 



with equality if and only if 



dx 



-1. Since rj' is periodic 



' dx 



-1 cannot hold at all x, so we must 



have 7"(0) > -2. Finally, since /x(a) = + 7(a), we have /m"(0) = 2 + 7"(0) > 0, proving (f73l) . 
Let us now denote the eigenfunction of ([78]) by t/q, to indicate its dependence on a. 

Corollary 6.5 There is a constant C such that for all a > sufficiently small, there is /3(a) > 
with fJ-{—f3) = /u(a) and such that 



- - 1 <Ca, (80) 
a 



and 



sup \ria{x) — 1| < Ca, sup |??/3(a;) — 1| < Ca. 



Proof. The existence of such a /? satisfying (j80p follows from the fact that ^(a) ~ Ca^ for a small. 
The bounds on fja and follow from elliptic regularity and the fact that for a = 0, fio{x) = 1. □ 

Construction of the function i]a(t,x). Continuing with the proof of Lemma 16.4] choose /3 = 
/3(a) > according to Corollarv 16.51 and consider the terminal value problem 



^i^)—^f- + f t/(x) ^^'^^ j + c* ^^^^ = n{a)u{x)r]a,T t < T, x > c*t 



(81) 
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with the terminal condition r]a,TiT,x) > to be determined. The function r]a{t,x) of Lemma [62 
will be defined as limr^oo fla^ri't-.x). Observe that for any constant C, the function 

satisfies (jST]) . since /3) = ^{a). If we choose the constant 

Cu = - mm _ > 0, 

then the function 



satisfies hu{t, c*t) > for all t G M. Similarly, if we choose 

C/ = — max > 0, 



then the function 

/iKt, x) = a-ie"(^-'=**)7?,(x) - Q/3-ie-^(^-^**)7?^(x) (82) 
satisfies hi{t,c*t) < for all t G M. Now, if we choose the terminal condition for rja^j- to be 

r]a,TiT, x) = max (0, hi{T, x)) , 

the maximum principle implies that 

hi{t,x) < ria{t,x) < hu{t,x) (83) 



holds for all t < T and x > c*t. Although the constants Cu and Ci depend on a, Corollary 16.51 
implies that 

Cu = l + 0{a) and Q = 1 + 0{a) 

as Q — )■ 0. 

Now, we claim there are constants L > and M > 0, independent of T, such that 

ax p—cex pOX p—ax 

M <riaT{t,x + c*t) < M-^ , (84) 

a ' a 

for all X > L and t <T, and all a sufficiently small. Given this claim, parabolic regularity and the 
maximum principle imply that there is a constant 6 > (also independent of T) such that 

, ^ dria,T ^ ,_i 

b < [t, c t) < b 

ox 

holds for all t < r — 1 and a > sufficiently small. Since 

dx\ a J ^' 
it follows, by parabolic regularity, that 



C < Va,T{t,X + C*t) < C~^- 



a a 
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for all X > and t < T — 1, with a constant C that is independent of T. Then letting T — )• +00 
we may take a subsequence of functions rja^T^{x^t) such that — )• 00 and rja^T^ converges locally 
uniformly to a function r]a{t, x) satisfying all the criteria of Lemma 16.41 



The proof of ( 184p . Let us derive the upper bound in (184p . Because of (j83p . it suffices to show that 

(y.x — olx 

hJt,x + c*t) <M-^- — — (85) 

a 

holds for alH G R and x > L, with L > and M being independent of a. Let us write hu{t, x) as 

K{t,x + c*t) = a-'U^ + c*t) (e-- - g + -/ 

Therefore, since 77^ is uniformly bounded in x, independently of a G (0,1), the upper bound ([85]) 
holds if 

- - Cu-^^^^^^e-^A < M2 (e--- - e--) 
pr]a{x + c*t) J ' 

for some constant M2, which is equivalent to 

Since Cu-, f]a, ^-re positive, this inequality certainly holds if 

e-2«^M2 < M2 - 1. 

So, if we set M2 = 2, then ([86]) holds for ah x > ln(2)/(2a). Now consider ([86]) for x < ln(2)/(2a). 
By Corollary 16.51 

a r?,(. + c-t) 

/3 fja{x + C*t) ^ ' 

as a — )• 0, uniformly in x and t. Moreover, fi — a = 0{a'^), so that for x < ln(2)/(2a), we have 

C«^4^e-(/^-")^ = (l + 0(a)) 
P r/a(x + c*t) 

Therefore, with M2 = 2 and x < ln(2)/(2a), inequality (j86|) becomes 

e < TT ^ , , = i — (J(a). 

- M2-I + 0{a) ^ ' 



Hence there is a constant L such that (j86p holds for all x > L and t G M, and all a sufficiently small. 
This establishes the upper bounds in ([85]) and (jHl]) . 

In a similar manner, we now we prove the lower bound in (j84p . It suffices to show that 

ax _ p-ax 

hi(t,x) > M (87) 

a 

holds for all t G M and x > L. Let us write hi{t, x) as 
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Therefore, since rja{x) is uniformly bounded away from zero, independently of a £ (0, 1), the lower 
bound (IHTD holds if 



p r]a{X + (ft) 



for some constant M3, which is equivalent to 

P Va{X + C*t) 

This bound certainly holds if 

afjp{x + c*t) 



By Corollary 16.51 we know that 



uniformly in x and t, if a is sufficiently small. So, if we set M3 = 2, then ()88p holds for all x > ln(2) /a. 

Now consider §8i) for 2; < ln(2)/Q. Recall that, P + a = 2a + 0{a^), so that for x < ln(2)/a, 
we have 

' (3 f]^{x + c*t) ^ ^ " 

Therefore, with M3 = 2 and x < ln(2)/a, inequality ()88p becomes 

M3 - 1 > (M3(l + 0{a)) - 1) 

which is 

e"^""" < ^ = 1 - 0(a). 

- 2(1 + 0(a)) -1 ^ ^ 

Hence there is a constant L such that ()88p holds for all x > L and t G M, and all a sufficiently small. 
This proves the lower bound in (|87p and in (j84p . This completes the proof of Lemma 16.41 and the 
proof of Propositions 12.11 and 15.11 is also now complete. □ 



7 Proof of Proposition 13.11 

Recall that the upper bound in Theorem 11.11 was reduced in Section[3]to the proof of Proposition 13.11 
that we present in this section. Let p{t, x) be as in this proposition, that is 

{1 - Uj{T))pr = Pxx + 2^Px, X>C*T, (89) 

with the Dirichlet boundary condition ji(r, c*r) = 0. The coefficient u;(r) satisfies u;(r) ~ 3/(2c*r) as 
r — )• oo, and |a;(r)| < C/r, |a;'(r)| < C/r^ for r > tq. The general philosophy is that the correction 
u){t) does not play a role in most of the decay estimates, and the function p{t, x) behaves essentially 
as p{t,x), which is the solution of (j89p with w(t) = 0, and which we have studied in detail in the 
preceding sections. We will need the following steps to prove Proposition 13.11 The key step is to 
establish that p{t,x) decays as C/r at positions of the order c*r + 0{^/T). 
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Proposition 7.1 For any Lq > and e > 0, there exists > so that 

1 C 
< p{t, c*t + Lo + eVT) < — 

T 



CeT 



holds for all T > 1. 

This is a direct generalization of Proposition 12.11 and Lemma 12.21 to the case uj{t) ^ 0. We will 
also need a more or less explicit solution of the approximate equation that we will need compare to 
p{t,x). It is described in the next proposition. 

Proposition 7.2 Let x o,nd let xi^) ( f^O[ j. There is a function ^"^^(r, x) such that for 

any cr > 0, 6"-'P'p{t, x) satisfies 



(l-a;(r)) 



QQapp 

dr 



e^PP -2^e^PP = 0{t-^), c*t <x <c*T + aV^, T>1, 



and there is a constant C ( depending on a and m ) such that 



rPPir,x) - + ^-i^ 



X — C T 



+ 0(r- 



(90) 



holds for all x G [c*t, c*t + c^/t] and r > 1. The constant k in the exponential factor is defined by 
formula \101\) below and satisfies 1 + k > 0. 

The following refinement of the approximate solution satisfies the exact problem. 

Proposition 7.3 Let a > be fixed, and let 0°'PP[t,x) be defined as in Proposition \ 7. 2\ for some 
X G M. Let ^(r, x) solve 



(l-w(r))|^ =exx + 2%ex, xG {c*T,c*T + aVT), r>l 

OT (h 



(91) 



with the boundary conditions 



C(r,c*T) = rff(r,c*r), 
C(r,c*T + aV^) = e''PP{T,c*T + aV^). 



(92) 



Then there is tq > such that 



UT,x)-e''pp{T,x)\ < 



c 



CT < X < c*T + cr-v/r 



holds for all t > tq. 



Observe that by choosing x > llxlloo in Proposition 17.21 we may arrange that 9'^pp{t,c*t) > for 
r suffiently large. Similarly, with x < ~||xl|oo; we have 6"'PP{t,c*t) < for r sufficiently large. Let 
us define O^^p to be a solution with x = 2||x||oo and 0°^P{t, c*t) > 0; let O'^p to be a solution with 
m = — 2||x||oo and 9'^P{t,c*t) < 0. To prove Proposition 13. Ij we wish to compare p{t,x) with the 
functions 9'^P. We know from Proposition 17.21 that 



efP{T,c*T + aV^) 



C(j 



< 



c 

73/2- 
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Combining this with Proposition 17. H we see that there must be Ci > such that 

Pir, c*T + a^) < Cief^iT, c*T + aV^) 

p{t, c*t + aV^) > C^HT{t, c*t + a^), 
for ah T > 1. Now if ^±(t, x) solve (j9ip for r > 1 with the boundary conditions (j92p using O'^^^ = 9'^^, 



we have 



e+(r,c*T) = ef^{T,c*T) > = C^Mt,c*t) 

e+(r, c*r + aV^) = Of^ir, c*t + a^) > C^H{r, c*t) 



and 



^_(r,c*r) = eT{T,c*T) < = Cip(r,c*r) 
e-(r, c*T + ^V^) = 0"^'^'(t, cV + < Cip{t, c*t) 

The maximum principle implies 

C^H-{r,x) <p{T,x) <Cie{T,x), 

holds for all r sufficiently large and x G [c*t, c*t + c-^/r]. 

Proposition 17.31 implies that for any 5 > there exists so that 

\i±{T,x)-d''^P{T,x)\ <50^^^(r,x), C*T + X5 <x<c*T + eV^, 

if r > tq. It follows that 

^^"''''(r, x) < p{r, x) < 2CiefP{T, x), c*t + xs<x< c*t + e^^, 

for all T > Tq. In view of (j90p and parabolic regularity, the conclusion of Proposition 13.11 now 
follows. □ 

The proof of Proposition 17.11 

The proof of Proposition 17.11 is as in the case u}{t) = (i.e. Proposition 12.11 and Lemma l2.2p but 
a little more technical - we focus only on the differences. The first ingredient needed is a quantity 
that is bounded from above and below. 

Lemma 7.4 Let p{t, x) be as in Proposition \3.1[ There is C > such that 

r+oo 



r+oc 

C-^ < {x- c*t)p{t, x)dx<C, V T > 0. 

J C*T 



Proof. It suffices to bound the integral 

r+oo 

I{t) = / U{x){l - Uj{T))f{T,x)p{T,x)dx, 

J C*T 

where f{T,x) is the function defined in Lemma with m(x — c*t) < / < m~^{x — c*t). In the 
case a; = 0, /(r) is conserved. We compute: 



dl 
d^ 



r+oo f+oo f+oo 

^' / vfpdx — uj I vfrpdx = 0{t~'^)I{t) — u} / ufrpdx. (93) 

Jc*T J C*T Jc*T 
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r+oo 

For an upper bound on /(r), we treat the spurious term / ufrpdx as follows: 

J C*T 

+ 00 pC*T+T^^'^ p + OO 

ufrpdx = / vfrpdx+ I u frp dx := II + III . 

c*T Jc*T Jc*t+t'^/* 

By parabolic regularity, there is a constant C > such that \drf{T, x)\ < C, hence 

f+00 r+00 
\III\ < Ct-^I^ \ xpdx< Ct-^I^ \ iy{x)f{T,x)p{T,x)dx. 

Jc*T Jc*T 

Recall that equation for p is equivalent to 

1 c* 

(1 - U}{T))pr = —-{u{x)p^)^ r~^Px, X > C*T (94) 

with p{t, c*t) = 0. a simple time change so that 

dr' 



l-a;(r)' 

shows the heat kernel bounds of [2T] in the whole space hold (with the time change) for the perturbed 
equation 

{l-u;{T))Pr = ^ii^ix)P,),-^P,, xeM. 
u[x) v[x) 

In particular, we have 

\P{t,x)\<Ct-^I^ [ \PiO,y)\dy. 

So, because p(r, x) is less than the solution of ([M]) in the whole space with the same initial data 
p{0, •), we have: 

\II\<Ct-^/'^ \p{0,y)\dydx = Ct-^/^ p{0,x)dx. 

Jc*T Jm. Jo 

Gathering these estimates we conclude 

I'{t) < 0{t-^)I + 0(t-5/^)/ + 0(r-5/^), 

which implies the existence of C > such that /(r) < C(l + 1{0)). 

For a lower bound, note that /r < 0, while i^, p > 0. Therefore, the term 

r+oo 

—oj I lyfrpdx 

J C*T 

in (j93p is non-negative. This implies /'(r) > 0{t~'^)I, so that I{t) > C/(0) > 0, with some constant 
C>0. a 

The main step in the proof of Proposition 17.11 is an estimate on the quantity 

r+oo 

Vair) = (1 -uj{t)) / u{x)ri2a{T,x)p{T,x)q{T,x)dx, 

J C*T 
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where 

, p{t, X 
Q[T, x^ 



C(t,x) 

and C(t, x) is defined by Lemma [631 it solves the unperturbed equation (i.e. with oj = 0) and grows 
linearly. The function rjair, x) is defined by Lemma |6.4[ The time derivatives of the functions r/ and 
will have to be examined, and this is the object of the following 

Lemma 7.5 (i). There is a constant C > such that \drCiTT^)\ ^ C for all x > c*t. 
(ii). There is a consant C such that \drrja{T,x)\ < C for all x E {c*t,c*t + a"^). 
(Hi). There is a constant C such that \drrja{T,x)\ < Car]a{T,x) for all x > c*t. 

Proof. Part (i) just comes from parabolic regularity. As for Part (ii), we come back to the notations 
of Lemma |6.4[ Consider T > 0, at r = T we have, just using the equation for rja. 

drr]UT,x) = 0(e"("-^*^) + e-^^""^*^)) + dfi^x) 

where is a measure carried by the (compact) zero set of the function hi, which was defined at 
([82]) . and whose mass is uniformly bounded with respect to a. So, applying the equation for drr]a - 
recall that it solves the same equation as ija- 

drr]a{T - 1, x) = 0(e"(^-"*^) + e-"(^-'=*^)) + 0(1) = 0(e°(^-"*^)). 

Running the equation for r < T — 1 yields 

|5.r/,(T,x)| <Ce°(^-^*^)f/,(x), 

and so drTia{T,x) = 0{e"^^~^*'^^), which is sufficient to prove the claim. □ 

Proof of Proposition 17. IL A straightforward computation shows that 

= {ix{2a) — uj')Va — uj j vr]rPqdx — 2 i vrjpxQxdx 

+2 J vrip^qx dx + uj j i^rjpq^ dx 

= (/i(2a) - u:')Va - 2Da + uj J u ^pq^ - rjrpq^ dx 

r+oo 

= {l^{2a) - uj')Va + uj {yri2aC,Tq^ - v{drri2o)pq) dx -2Do,. 

J C*T 

Here, as in the case w = 0, we have defined 

Da{T) = I Vr]2aCqldx. 

J C*T 

We now use the following fact: for all M > 0, there is a constant km > ^ such that, for all 

nonnegative functions u{x) G C"'^([0, 1]) such that |u'(x)| < M u{x)dx we have: 

Jo 

/■I 

u{x)dx < Km / xu(x)dx. 
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If not, there is a sequence m„ of such functions with unit mass and uniformly bounded derivatives 
whose first moments tend to 0, an impossibility. Now, from this remark we have 



UJ 



r+oo 

/ '^\Crr]2a\q'^ dx < Cr'^^Va 

J C*T 



and from Lemma 17.51 we have 

n+oo r+oo 



UJ 



p+oo p+oo 

/ i^\dT'n2a\PQ dx < Coj I uri2aP<ldx < Ct~^Voi- 

Jc*T Jc*T 

Because of Lemma 17.41 we have (following the lines of the proof of Proposition 15 . 1 p : 
f]V V^^'^ (V 1^/3 

^ < (^(2a) + 0{T-'))Va{T) - Cj^ = -Cj-^e^^- + (/z(2a) + 0{T-'))Va{r). 

Let us choose T > and examine the above differential inequality with a = and t < T. For 
A > large enough, the function Ar~^/^ is a super-solution for t < T , showing that VaiT) = 
0(T~^/^). So, for all r > 0, we have Va{T) < Ct'^^"^, and the rest of the proof of this proposition 
follows as in Proposition 15. II P 

The proof of Proposition 17.21 

The proof is by a multiple-scale expansion. We will construct a function 0"^^ having the form 

rPP(T,x) = a{T)v{T, {x - c*t)/R{t),x). 
which satisfies 9°'PP{t,c*t) = 0, with R{t) = t^I'^ . Plugging this ansatz into 

(1 - a;(T))0, = + 2%0,, 

we see that ?;(t, z, x) should satisfy 

We will construct an approximate solution given by the expansion 

111 

V = v{t, z, x) = v°{z) + -^v^iz, x) + x) + x), 

where v^{z,x) and v^{z,x) are uniformly bounded in each compact set in z, and x, and are both 
periodic in x. Therefore, the desired equality is 

-(1 - w)^{v'l + it.; + -j^of + -iji,?) - (1 - w f-{v';_ + ^vl + j^vl + 

Iri It lo 2i 2o 2o 

= — V A V H V H V H V H v 

zz ~ "zz ~ ^zz ~ zx ^ '^zx ~ ^4 ^zx 

1 1 , 1 2 , 1 3 2 1 , 2 (j)^ 2 , 2 (/>a; 3 

H — V -\ V -\ V -\ V -\ V -\ V 

R ^^ i?2 ^xx ^ R3''xx^ ^f^x^ ^''x^ ^ 

2 Q 2 1 2 (/>a; 2 I 2 0^ 3 



a' zR' c* 

— V + Vr —Vz —Vz 

a R R 



1 2 2 (/>a; 
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Let us set o(r) = r so that a' /a = —rriT ^ = 0{R ^). Now we choose Vi, i G {0, ...,3} so that 
terms of order 0{R-^), 0{R~'^) and 0(i?"3) will cancel. Recall that u){t) ~ 3/(2c*A*r), so w will 
not play a role until we equate terms of order 0(i?^'^), and even then the only term to contribute is 
ujc*v^/R. All other terms involving uj{t) are smaller than 0(r~^/^). 

If we equate the leading order terms (of order 0(i?~^)), we obtain an equation for in terms 
of v^: 

^xx + 2^^^^ = - (^2^^ + cjt;^(z). (96) 
Recalling xi^) defined at (|40p which solves 

Xxx + ^-rXx = -2— - c, 
(P (P 

we see that (j96p has a solution of the form v^{z, x) = v^{z)x^{x) —p^{z) with x^(x) = x{x) + x being 
periodic in x, and x being any constant. For any choice of the constant x ^-iid p^{z), (I96p holds and 
the 0{R^^) terms in (j95|) cancel. 

Let us now equate the terms of 0{R^^) in (|95]l to obtain 

J_ 2 , 2_^o,£^o,J_o, J_i_lAi _l 1 = n 

which is: 

+ ^jvl + mv' + + ^'L + cvl + 2t;i, + 2^vl = 0. (97) 

Consider the operator p^x + = <P~'^{4>'^ Px) X acting on 1-periodic functions, where (f) — 

e~^^'ip{x). We claim that the adjoint operator has one-dimensional kernel. A function r] is in the 
kernel of the adjoint operator if and only if 

i4>\4>'^r])x)x = (98) 

which holds if and only if 

7]{x) = ki4>'^{x) ij)'^{s)ds + k2^'^{x) (99) 



^0 

for some constants ki and /c2. If ki = 0, the function r/ cannot be periodic, since (fP'{x) = e~'^^^ ijP' {x) 
is not periodic. So, we may assume ki = 1. However, the function 

l-X 

ri{x) = (j)^ {x) (f)'"^ (s) ds + k2(j)^ (x) 
Jo 

will be periodic for exactly one choice of k2- 

k, = r 0-2 (s) ds > 0. 

Therefore, with ^2 chosen in this way, any other solution of (I98p must be a multiple of this function 
rj given by (|99p . Observe that rj > for all x. 

If r]{x) is 1-periodic and spans the kernel of {(j)'^{cl)~'^r])x)x, then equation (f97|) is solvable if and 
only if the sum 

mv"" + 1^;° + + cvl + 2vl + 2^^;^ 
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is orthogonal to ri{x), for each z E M. Using v = v^{z)xix) — p (z), we write the sum as 

mv' + + + cvlx' + 2vlxl + 2^t^L/ - (c + 2^) (100) 
So, the solvability condition is 

Here we have used the fact that j^ic + 2^)r/(x) dx = 0, so that the terms involving cancel after 
integration against r/. Hence, v^{z) should solve 

mv^ + + (1 + = 



where ^ 

l'^7]{x)dx^ {cx\x) + 2xl{x) + 2^x\x)jr]{x)dx. (101) 

It is not difficult to show that 

i + . = I^^il±#^>o 

In particular, k is independent of the normalization of ^(^{x) (the choice of x)- Thus, we choose 
v^{z) > to be the principal eigenfunction of 

mt;° + + (1 + k)?;°^ = 0, z > 0, ?;0(0) = 0, 

which forces m = 1, and 

v^{z) = ze 4(T+^. 

The function p^{z) is undetermined so far. With v^{z) chosen in this way, there exists a function 
v'^{z,x) which is periodic in x and satisfies (j97p . Thus, the 0{R~^) terms cancel. In consideration 
of (|100p and the definition of v^, we see that (f97|) is equivalent to 

Vxx + ^^v^ = -^zzi^) [cx" + 2x1 + 2^X " ) " ( ^ + ) 

Therefore, v'^{z,x) must have the form 

v\z,x) = v^,,{z)v\x)-pI{z)x\x)+p\z), 
where v'^{x) is a periodic solution of 

-2 , o*^^ -2 ( , o I o*^^ \ 

+ 2— = - cx + 2x^ + 2— X - K . 



Finally, equating the i? ^ terms suggests choosing t;^(x,z) to satisfy 
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The right hand side is: 

Therefore, the solvabihty condition imphes that p^{z) should satisfy 

2/ + + (1 + = + (32^vl + - 2/32)^;° 



where 



-1 \ -1 rl 

Pi = [ I vi^) dx 

-1 \ -1 rl 



) / (x° + (c*+2^)t)2 + 2*2^r?(x)dx, 

and we would hke to have ^"(0) = 0. The term does not appear in the solvabihty condition. 
Therefore, we may take (z) = 0. We let be the unique solution of the initial value problem 

2p0 + + (1 + ^)^o^ ^ ^^^0^^ + ^^^^0^ + - 2/32)^°. ^ > 

with the initial data initial p^{z) = and p^{0) = 0. 

Having chosen p^ in this way, we take to be a solution of ()102p . which is unique up to addition 
of a function p^{z). So, the 0{R~^) = 0(r~^/^) terms have canceled. Our approximate solution is: 

0^PP(t, X) = T-\\z) + T-^/\\z, X) + T-\\z, X) + T-^/^'^^iz, x) , 

with 

v^{z) = ze 4(i+«), 
v\z,x) = x'{x)e-^ - ^^^e-A -p^z). 

2(1 + K) 

Now, fix a constant a > 0. Having chosen p^{0) = and ^^(0) = 0, we may choose Ci > so 
that < Ciz^ for all z £ [0,cr]. Consequently, there is a constant C2 > such that for all 

X G [c*T, c*T + iT-y/r] and r > 1 we have 



e-pp{t,x)-^^-^^^^^e 



^ V 4(1 + K)r 



The last term 0(t ^) comes from and and the fact that and are uniformly bounded over 

Since the periodic function ~)^{x) = xix) + x is unique up to addition of a constant, we may 
choose X < so that max^ ^{x) < —1. Then, at the point x = c*t we have 

rff(t,c*r) < t'^/\°{c*t) + 0(t-2) < _r-3/2 + 0{t-^), 

which is negative for all r > 1 sufficiently large. Alternatively, we could choose x > so that 
mina;x'^(2;) > 0. Then we would have 6°'PP{t,c*t) > for all r sufficiently large. □ 
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The proof of Proposition 17.31 

Using Lemma l4.ll we bring this problem into the form 

Let 

SO that $(t, c*t) = and <l>(r, c*t + Lq + Ey/r) = 0. We have 

(1 - uj{t))v{x)^^ = {v{x)^,)^ - c*$, + 0(t-3). 
Multiplying by $(t, x) and integrating by parts over the interval / = [c*r, c*T + LQ + £y/T\, we obtain 



Note that, since <I>(t, c*t) = 0, we have 



and 

Ce If C 
< + - y ^-^dx <^ + Ce^ j v^ldx. 

If now e is small enough so that the constant Ce^ is less than 1/4 it follows that, for r > tq large 
enough, we have 



J^H^)i^-^{r))^^dx < --jv{x)^ldx + -^ 



- 'C{L 



-^^,fuix)[l-.[r))^^dx + ^,. 



We conclude that, for e sufficiently small, we have 



uix)^^dx < , + 



I ' - (l+r)!/^^ (1+r 



i3- 



Now, parabolic regularity implies that |<I>(r, < C/(l + r)^/^ for r > tq sufficiently large. This 
completes the proof of Proposition 17.31 □ 

8 Proof of Theorem [TSl 

This section is devoted to the proof of the convergence of the solution u to the family of shifted 
minimal fronts IJc*- We first remember that u is bounded away from or 1 around the position 
(ft — (3/(2A*))lnt for large t. To the right of this position, the solution u has the same type of 
decay as the critical front f/c*, as it follows from the estimates of Sections 2 and 3. Therefore, u is 
almost trapped between two finite shifts of the profile of the front Uc*- From a Liouville-type result, 
similar to that in [3] and based on the sliding method, the convergence to the shifted approximated 
minimal fronts will follow. 

First, we derive from Sections 2 and 3 some exponential bounds of u to the right of the position 
c*t- (3/(2A*))logt. 
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Lemma 8.1 Let a > be as in Proposition \2.1[ There exist two positive constants < k < p such 
that 

3 

nye^^'y <u{t,c*t- —logt + y) for all t > 1 and < y < aVi (104) 

and 

u{t,c*t —logt + y)<pye'^y for all t > 1 and y > 1. (105) 

2a* 

Proof. Under the notations of Section 2, it follows from ()23p . ()24p and ()27p that, for some positive 
constants Ti and Lq, 

3 

u(t,x)>Utit ^ logt-Lo,x) for all t > Ti and < X < c*t + cj\/t. (106) 

2A*c* 

The pulsating front U^, can be written as U^,{t,x) = <j)^*{x — c*t,x), where < 4>^*{s,x) < 1 
is continuous in R x M, 1-periodic in x, and 0^, (— oo,-) = 1, 0^, (+oo,-) = 0. Furthermore, it is 
known [13] that there is a constant /3 > such that (j)^,{s,x) ~ /? V(2;, A*) s e"''*''* as s — )• +oo, 
uniformly in x G M. In particular, there is 77 > such that (j)^t{s,x) > max (ry s e~ O) for all 
(s,x) G M X M. As a consequence, it follows from ()106p that 

^^(t, c*t - A log t + y) > (y + c*Lo, c*t - ^ log t + y) > 7? (y + c*Lo) e-^'^^'+^'^o) 

for all t > Ti and -c*t + (3/(2A*)) log t < y < cr^/t + (3/(2A*)) log t. Therefore, there are T2 > Ti 
and K > such that 

3 

u(t, c*t — log t + y) >Ky e^^'y for all t > r2 and < y < aVt. 

2A* 

The inequality ()104p follows, by positivity and continuity of n over [1, +00) x R, by taking a smaller 
K > if necessary. 

On the other hand, it follows from ([33}) . ([Mjl and ([35|) that there exist some positive constants 
T, y and p such that 

3 ^ 

uit, c*t logt + y) < pye~^ ^ for all t > T and y > y. 

^ 2A* ^ 

The inequality ()105p follows, by positivity and continuity of u over [1, +00) x R, by taking a larger 
p > if necessary. □ 

Proof of Theorem 11.21 First, let (j > and < «; < p be given as in the previous lemma. Write 
the pulsating front Uc* as 

Uc*{t,x) = (t)c*{x-c*t,x), (107) 

where < 4)c*{s,x) < 1 is continuous in R x R, 1-periodic in x, and (/>£*(— 00, •) = 1, (/)c*(+oo, •) = 0. 
From |13] . there is a constant > such that 

</)c*(s,x) ~ B ■ip{x, X*) s * as s — )• +00, uniformly in x E R. (108) 

Choose now any real number C > so that 

B maxV(-,A*)e~'=*-^*^ <k< pe^' < B min V'(-, A*) e''*^*^. (109) 
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Let us prove that ([7]) holds with the choice of C = C + 1/c*. Assume not. There are then e > 
and a sequence of positive times (in)neN such that tn — )• +00 as n — )• +00 and 



inm 

\i\<C+l/c* 



u 



(tn,-)- Uc* {tn - -^-^ log tn + ^, ■) 



> £ 



L°°{0,+oo) 



for all n G N. Since (/)c*(— 00, •) = 1, (/)c*(+c>o, •) = uniformly in M and </>(s,x) is 1-periodic in x, it 
follows from ()107p and Theorem 1 1 . 1 1 that there exists a constant > such that 



min I max 

\i\<c ^ \y\<s 



u{tn,y+ [c*tn - — lnt„]) - Uc*{i,y) 



> e 



(110) 



for all n G N, where [c*i„ - 3/(2A*) log t^] denotes the integer part of c*t„ - 3/(2A*) login- 
For each n S N, set 

3 

Un(t,x) = u{t + tn,X+ [c*t„ - — log t„] ) . 

Up to extraction of a subsequence, the functions u„ converge locally uniformly in M? to a solution 

Uoo of 

d2 



{uoo)t = {uoo)xx+ g{x) f{uoo) in 
such that < Uoo < 1 in M^. Furthermore, Theorem 11.11 implies that 
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and 



lim 



lim 

A->— 00 



sup Uoo{t,x] 
{t,x)eR'^,x>c*t+A 



inf Uoo{t,x) 
{t,x)&M^-^,x<c*t+A 



1. 



:ii2) 



On the other hand, for each fixed t G M and y > 2, and n large enough, write 

3 



Un{t,C*t + y) = u(t + tn,C*{t + tr. 



2X' 



■log{t + tn) + y + Jn), 



where 



3 3 

7n = [c*tn - ^ login] - {c*tn - ^ log(t + tn))- 



There holds t + tn > 1 and 1 < y + 7n < fi-^t + tn for n large enough, whence 

^ (y + 7n) < ^^n(t, c*t + y) < p (y + 7n) e-^*(^+^") 

for n large enough, from Lemma [8Tl Since — 1 < lim infn^+00 7n < 1™ sup„_j._|_oo 7„ < 0, it follows 
that 

K(y - l)e"^*^ < Uoo(t,c*t + y) < pye"^*(^"^) for all t € M and y > 2. (113) 
The following Liouville-type result giv6S di cls-ssification of the timc-globa.! solutions Uco 

of (fm]) 

satisfying the above properties ()112p and ()113p . 
Lemma 8.2 For any solution < 

< 1 of (fml) m M2 satisfying (fTT2]) anc? (fml) /or some 
positive constants k and p, there is ^0 S M suc/i t/iat 



Uoo (t, x) = f/c* (t + Coi x) for all (t, x) G M^. 



(114) 
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The proof of this lemma is postponed at the end of this section. We first complete the proof 
of Theorem II. 2i It follows from Lemma 18. 2^ from ()107p . from ()113p and from the exponential 
decay (jlOSp of (pc* , that 

K < SmaxV'(-, A*)e^*^*^« and B mimp{-, X*) e"'^*^" < pe^* , 

whence |.^o| < C from (1109p . But since (at least for a subsequence) Un — >■ Uoo locally uniformly in 
M^, it follows in particular that Un{0, •) — Uc*{Co, •) ^ uniformly in [—9,9], that is 



max 

\y\<e 



3 

u{tn, y + [c*tn - log t„] ) - Uc* (^0, V) 



as n — )• +00. 



Since |^o| < C, one gets a contradiction with (IllOp . Therefore, ([7]) is proved. 

Let us now turn to the proof of ([8]). Let m G (0, 1) be fixed and let (in)neN and {xn)nm be two 
sequences of positive real numbers such that i„ — )■ +oo as n — >• +oo and u{tn, Xn) = m for all n G N. 
Set 

3 

Xn = [Xn] - [c*tn - ^ log t„] . 

Theorem 1 1 . 1 1 implies that the sequence of integers {Xn)neN is bounded, and may then be assumed 
to be equal to a constant integer X^o, up to extraction of a subsequence. Under the notations of the 
previous paragraphs, the functions 

3 

Vn{t,x) = u{t + tn,X + [Xn]) = u{t + + X^o + [c*tn - — log t„] ) = Un{t,X + Xoo) 

converge locally uniformly in M?, up to extraction of another subsequence, to the function 



Vooit,x) = Uao{t,X + Xoo) = f/c* + + Xoo) = Uc*[t + ^ 



Xoo 
C* ' 

for some real number ^. Since Vn{0, Xn — [xn]) = m for all n G N and Xn — [xn] — Xoo as n — )• +oo, one 
gets that Uc* — Xoo/c* ,Xoo) = m, that is ^ — X^o/c* = T, where T is the unique real number such 
that Uc*{T,Xoo) = m. Finally, the limit Voo is uniquely determined and the whole sequence (fn)neN 
therefore converges to the pulsating front Uc*{t + T,x). The proof of Theorem 11.21 is thereby com- 
plete. □ 



Proof of Lemma 18.21 In the homogeneous case, if, instead of (jll2p and (jll3p . the function is 
assumed to be trapped between two shifts of the minimal traveling front, then the conclusion follows 
directly from Theorem 3.5 of [3]. In our periodic case, the comparisons (jll3p and the exponential 
behavior pOSp of the minimal front Uc* imply that Uoo is actually trapped between two finite time- 
shifts of Uc* in the region |x — c*t > O}. In the region where x — c*t is very negative, is close 
to 1 and the maximum principle holds, from the negativity of /'(I): the solution Uoo can then be 
compared to some of its shifts in this region. We finally complete the proof of the lemma by using a 
sliding method: WG shift th.G function Woo 

(t, X + 1) in time, we compare it with the function Uqc i and 
we show that Uoo{t + l/c*,x + 1) = Uoo{t,x) in M^. Together with (jll2p and ()113p . this will mean 
that Uoo is a pulsating front. From the uniqueness of the pulsating fronts up to time-shifts [l5], the 
conclusion (jll4p will follow. More precisely, for all G M and {t,x) G M^, we set 

V^{t, x) = Uooit + S,,X + 1). 

We shall compare to Uoo and prove that > u^o in for all large enough. We will then prove 
that = Uoo in for the smallest such ^, and finally that this critical shift is equal to 1/c*. 
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To do so, we first notice that, for all a < 6 G M, there holds 

0< inf Uoo{t,x)< sup Uoo{t,x)<l. (115) 

{t,x)m^,a<x-cH<b {t,x)m^,a<x-c*t<b 

This a consequence of the strong maximum principle, parabolic regularity, and the fact the solution 
< < 1 converges to two different limits (0 and 1) as x — c*t — )• ±00. Let now S G (0, 1) be such 
that / is nonincreasing in [1 — 1], and let us extend / by on (1, +00). From (jll2p . there is A > 
such that 

Uooit, x) > 1 - 5 for all (t, x) £ such that x - c*t < -A. (116) 
As far as the region {x — c*t > — ^} is concerned, we claim that there is ^ G M such that 

v^{t,x) > Uoo{t,x) for all X - c*t > -A and ^ > ^. (117) 

Assume not. Then there exist some sequences {^n)nm in [0,+oo) and (t„,x„)„gN in M? such that 
lim„^+oo (.n = +00 and 

Xn- C*tn> -A, Uoo{tn + (.n,Xn + '^) = V^"{tn,Xn) < Uooitn,Xn) for ah n G N. 

Because of (fml) . (fml) and (fTT5]l . the sequence [xn — c*tn — c*^n)nGN is bounded from below by a 
constant M. Thus, (jll3p and (|115p provide the existence of some positive constants k and p such 
that 

K(x„-C*t„-C*C„-M + l)e-^*(^"-'=**"-^*«") < Uoo{tn+^n,Xn + l) 

< Uooitn,Xn) (118) 

< p(x„-c*t„ + ^ + l)e-^*(^"-^**") 

for all n G N. On the other hand, 

Xn - C*tn + A + 1 = (X„ - C*tn - C*Cn - M + 1) + (c*^„ + M + A) 

< 2{xn-c*tn-c*U-M + l){c*U + M + A) 

for n large enough. Putting this into (|118p and passing to the limit as n — t- +oo (with ^„ — )■ +00 as 
n — )• +00) leads to a contradiction. Thus, the claim ()117p is proved. 

Without loss of generality, one can assume that ^ > 1/c*. In this paragraph, we fix ^ in the 
interval [^,+00). Set 

e* = min |e > 0, v^{t, x) + e > Uoo{t, x) for ah {t, x) G such that x — c*t < — ^| 

and let us prove that e* = 0. Assume that e* > 0. Since Uoo is globally Lipschitz continuous and 
since > Uoo onjx — c*t = — A| and both functions and Uoo converge to 1 as x — c*t — )• —00, 
there are a sequence of positive real numbers (en)neN) a sequence {tn, Xn)n&n in and a real number 
2/00 < — ^ such that 

e*, Xn - c*tn ^oo as n +00 and v^{tn, Xn) +£n < Uooitn, Xn) for ah n G N. 
Without loss of generality, one can also assume that 

Xn — [xn] — ^ Xoo and tn — ^—^ — >■ T as n — >■ +00, 
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with = Xoo — c*T. Up to extraction of a subsequence, the functions 

Unit, x) =Uoc(t + ^-^,X + [Xnij 

converge locally uniformly in M? to a solution Uoo of (jllip satisfying (|112p and (|113p . Set 

V^{t,x) = Uooit + S„x + l) for all {t,x) e 

Therefore, V^{t,x) + e* > Uoo{t,x) for all {t,x) G such that x — c*t < —A, with equality at the 
point (r, Xoo) such that Xqo — c*t = 7/00 < — ^- On the other hand, for all {t,x) G such that 
X — c*t < —A, there holds 

V^t,x)+e* > V^t,x) > 1-5 
from ()116p . the definition of the functions and Un, and the assumption ^ > 1/c*. Consequently, 

vHt, x) - 1/4. (t, x) = gix)fivHt, x)) > g{x)f{vHt, x) + e*) 

for all (t, x) G such that x — c*t < —A, since / is nonincreasing in [1 — 6, +00) and g is positive. 
Since Uoo solves (jllip . it follows from the strong maximum principle that V^{t,x) + s* = Uoo{t,x) 
for all {t,x) G such that x — c*t < —A and t < t. The positivity of e* is in contradiction with 
the fact that and Uoo converge to 1 uniformly as x — c*t — t- —00. Therefore, e* = 0, whence 

v^{t,x) > Uooit,x) for aU {t,x) G such that x - c*t < -A. (119) 

Together with ()117p . one gets finally that > Uoo in for all ^ > ^. 
Set now 

= min 1^ G M, v^' > Uoo in for all > ^j, 

which is a well defined real number such that ^=1, < ^ (notice that v^{t,x) — )• as ^ — )• —00 for each 
fixed (t, x) G M^, while Uoo > in E?). Our goal is to prove that 

^* < 

c 

which will then yield v^^^ > Uoo and a symmetric argument will then give the desired conclusion. 

Assume then that > 1/c*. Remember that v^* > Uoo by definition of We first claim that, 
for any a < 6 in R, 

inf (t;^*(t,x) - Uoo{t,x)) > 0. (120) 

(t,x)eR'^ , a<x-c*t<b 

Otherwise, by a usual limiting argument, there would exist a solution < Uoo < 1 of (jllip satis- 
fying (|112p and (|113p . and such that Uoo{t + .^*,x + 1) > Uoo{t,x) for all (t, x) G R^ with equality 
somewhere. From the strong maximum principle and the uniqueness of the solutions of the Cauchy 
problem associated to (lllip . it would then follow that Uoo{t + ^^:,x + l) = Uoo{t,x) for all (t,x) G R^ 
and then Uoo{t + k^^^^x + k) = Uooit,x) in for all G N. Since one has assumed that ^* > 1/c* 
and since Uoo satisfies (jll2p . the limit as k ^ +00 implies that Uoo{t,x) = 1 for all (t, x) G M^, 
which is clearly impossible, because of property ()113p satisfied by Uoo- 

Therefore, (|120p holds. In particular, since Uoo is Lipschitz, there is ^ G (1/c*,^=k) such that 

v^{t,x) > Uoo{t,x) for all (t,x) G R^ such that x — c*t = —A and for all ^ G [C,^*]- 
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Furthermore, v^{t,x) > 1 — 6 for all {t,x) G such that x — c*t < —A and for all ^ G [C,^*] C 
[1/c*, +00), from (]116p and the definition of u^. As done in the proof of (I119p . it follows then that 

v^(t, x) > Uoo{t, x) for ah (t, x) G such that x - c*t < -A and for ah ^ G ^*]. (121) 

On the other hand, the definition of implies that there exist a sequence {(,n)nm in (^* — 1,^*) 
and a sequence {tn, a^n)neN in such that 

— ^* as n — )■ +00 and v^"{tn,Xn) < Uoo{tn,Xn) for all n G N. (122) 

Property ()12ip yields — c*t„ > —A for all n large enough and ()120p and ()122p imply then 
that x„ — c*tn — >• +00 as n — 7- +00. Up to extraction of a subsequence, one can assume that 
Xn - [xn] —^Xoo^ [0, 1] as n +00. 
Define now 

Un[t,x) = and Vnit,x) = — — 

"U-oo I, '■n ) [-^nj J ''^oo [J' 1 't'ni X -r [Xn\ ) 

for ah {t, x) G and n G N. From (|113p and lim„_^4.oo Xn~c*tn — +00, it follows that the sequences 
{Un)neN and (Ki)neN are bounded in L^^(M^). From standard parabolic estimates and the fact that 
Uoo{tn, [xn]) — 5- as n — )■ +00, the functions Un converge locally uniformly in M^, up to extraction 
of a subsequence, to a nonnegative classical solution Uoc of 

{Uoo)t = {Uoo)xx + g{x)Uoo in 

(remember that /'(O) = 1). Furthermore, {Un)x — ^ {Uoo)x locally in as n — )• +co and C/oo(0, 0) = 
1, whence Uoo > in R'^ from the maximum principle. In particular, the functions 

{Uoo)x{t + tn,X+ [Xn]) _ {Un)x{t,x) 
Uoo{t +tn,X +[Xn]) Un{t,x) 

are locally bounded. As far as the functions Vn are concerned, they obey 

iVn)t{t,x) = {Vn)xx{t, X) + 2 ^^"^ ' {Vn)x{t, x) 

Un{t, X) 

^g^^rj.^ ( fi'^ooi^ + tn,X+ [Xn])Vn{t,x)) _ f {Uoo{t + tn, X + [Xn])) y 
^ Uoo{t + tn, X + [Xn]) Uoo{t + tn, X + [Xn]) 

in M^. Since {Un)x/Un — )• {Uoo)x/Uoo and u^{t+tn, x+[xn\) — )• locally uniformly in as n — )• +00, 
and since the functions Vn are locally bounded, it follows from standard parabolic estimates that, 
up to extraction of a subsequence, the functions Vn converge locally uniformly in to a classical 
solution Voo of 

{Voo)t = {V^)xx + 2^^^{V^)x in (123) 
Owing to the definitions of Vn and ^=1,, one has Vn > 1 whence Voo > 1 in M^. On the other hand, 

V (^^ ^ X [x ]'} (^'^' '^™) ^ Ufii.^, Xn [•^n]) ^ ^ni.^, Xn [•^n]) 

^oo {tn, Xn) Un{^n C* i Xn [Xn] ) Un (^n , Xn [Xn] ) 

from (|122p . By passing to the limit as n — )■ +00, one infers that ^00(0, a^oo) < 1- Finally, Voo(0, Xqo) = 
1. Therefore, = 1 in R'^ from the strong parabolic maximum principle and the uniqueness of the 
Cauchy problem associated to (1123p . 
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One has then proved that 

1 locahy uniformly in M as n — t- +oo. 



U^{t + tn + ^*,X + [Xn] + l) _ V^*{t + tn,X + [Xn\) . , i ■ Tn,2 



Uoo{t + tn,X + [Xn]) Uoo{t + tn, X + [Xn]) 

It fohows by immediate induction that, for each p £N, there holds 

Uoc{t + tn+P^*,X +[Xn]+p) ,.11, -r 1 ■ Tn>2 

— > 1 locally uniformly m M as n — )• +00. 

Fix p £ N. Property (|113p and the limit limn-s.+oo Xn — c*tn = +00 imply that, for n large enough, 

Uoo{tn+pC*, [Xn] + p) > « {[Xn] + P - cHn-pC*^, - l) ^-^^ (lxn]+p-c*t„-pc*i,) 



By passing to the limit as n — ?■ +00, one gets that 

1 > ^ePA*(c-5.-l)-A*_ 

P 

Since this inequality holds for all p G N and since one had assumed that S,^ > 1/c*, one is led to a 
contradiction. One concludes that < 1/c*, whence v^^'^* > Uoo in M^. 

By sliding Uoo{t,x + 1) in the other i-direction, one can prove similarly that < Uoo in 
for all ^ < ^_ for some real number and that the largest such ^ cannot be smaller than 1/c*. 
Therefore, v^^^* < Uoo in K^- 

Finally, v^/'^* = u^o in M^, that is Uoo{t + 1/c*, a; + 1) = Uoo{t,x) for all {t,x) G M^. In other 
words, Uoo is a pulsating front with speed c*, connecting and 1. The conclusion (jll4p follows from 
the uniqueness up to time-shifts of the pulsating fronts, for a given speed (see [E]). The proof of 
Lemma 18.21 is thereby complete. □ 
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